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EXECUTIVE SUMMARY

The present development of fault diagnosis theory is in response to the
proliferation of Llarge circuits and systems whose complexity precludes the
use of manual methods of trouble shooting. Although great success has been
achieved in the automation of fault analysis for digital systems, the
automated diagnosis of analog circuits and systems remains a difficult
problem.

The fault diagnosis method discussed in this volume of the progress
report is one part of a two phase automated test philosophy. The complete
diagnosis process coﬁsists of D.C. testing (Volume I of the report) which
considers the nonlinear aspects of the system (e.g. bias point determination
and multifrequency testing applied to the system Llinearized about its
operating point. The former 1is most suited to isolating hard faults
(catastrophic changes in parameter values such as shorts and opens) while
the Llatter is more suited to the determination of more subtle variations in
component behavior. Although this volume discusses only the multifrequency
testing, remember that both testing methods must be combined to make a
viable approach to the analog fault analysis problem,

The various methods of fault analysis by "simulation after test"
appearing in the recent literature have essentially two distinct
orientations. The philosophy of the first approach, is to equate
measurement data with a nonlinear function of ALL pertinent parameter values
of the system., This is in contrast to the computationally simpler method of
Limiting the number of faults allowed, so that the resulting equations are
Linear. Our research focuses on the former approach for the following

reasons. System component models are often generated by Linearizing the




actual components behavior about an operating point. This linearization of
an actual component often means replacing it with a network of idealized

components, each characterized by a parameter value which depends on the

operating point., A good example of this is a transistor whose linear model
is generally a dependent source interconnected with several resistors and
capacitors. If such an operating point is incorrect but is not identified
conclusively by the 0.C. analysis, it is possible for all the parameters in
the model which are affected by that bias point to be faulty. In taié case

the a priori assumption that the number of faults is small 1is not

appropriate. Also a focus on complete parameter identification is useful in
the role of failure prediction. Periodic analysis which is capable of
identifying all component values allows minor variations of each component's
behavior to be tracked over time and its failure predicted.

With the above focus in mind this report introduces the CCM (component
connection model) and describes two approaches to multifrequency diagnosis:
the composite system transfer function approach and the tableau approach.
The two approaches are evaluated theoretically and numerically with the
¥ i tableau approach shown to be far superior. In the context of the tableau

approach a diagnosability set is developed and upper and lower bounds on the
number of test frequencies necessary to conduct a diagnosis are given.

The report also includes investigations of various other aspects of the

o tableau fault diagnosis equations. 1In particular, a detailed investigation
- | of the quadratic nature of the tableau equations is presented. B8y

4
exploiting this quadratic structure superior numerical algorithms for the

RPN 3

solution of the diagnosis equationsiarise, Examples of the above techniques

given throughout the report, serve to illustrate the utility of the tableau

approach.
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CHAPTER 1

]
THE COMPONENT CONNECTION MODEL

1. Introduction

Underlying the fault diagnosis investigations which follow in
subsequent chapters 1is an interconnected system model called the
ccmponent connection model, abbreviated CCM [1,2,3]. The purpose of
this chapter is to intéoduce the notation and modetlina philtosophies of
the CCM.

Two sets of equations characterize the CCM: (1) component
characteristic equations and (ii) interconnection or topological
equations. Basically all system models are equivalent. The differences
lie irlfkhe way the system information is displayed. The philosophy
behind the CCM is the separate descriptions of the component dynamics
and system topology. Such descriptions result in Large numbers of
equations and unknowns. In matrix form the equations are very sparse
and hence admit the use of sparse matrix storage and manipulation
techniques [4]. For Large systems, storage requirements are often Lower
than smaller non-sparse composite system representations. In some
applications the use of the CCM has produced dramatic improvements in
the use of computing resources. The most notable example is the MARSYAS
program which used the CCM in a Space Shuttle engine model. The program

performed the simulation 26 times faster than previous simulations used

by NASA [5].
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2. CCM Basics

Figure 1 shows a linear system consisting of N components. The
components are shown explicitly as numbered blocks. The section Labeled
interconnections contains only the information describing how the
components are connected to each other and to the outside world.

The system input is the vector u and the system output 1is the
vector y. Each component of the system has an input and output vector
a, and bi respectively (i=1,2,...,N). The component inputs and outputs

will often be handled collectively so for convenience define:

as= cot(a1,a2,...,an) (2.13)

b= col(b1,b2,...,bN) (2.1t

The vectors a and b are called the composite component input and
composite component output vectors. The composite component output, b,
is related to the composite component 1input, a, via the component
characteristics. The composite component input, a, is related to both b
and u Gthe system input) through the interconnection or topological
equations. Finally, the system output, y, depends on the composite

component output, b, and the system input u.

3. The Component Equations

Since the components are Linear they can be characterized by a
transfer function 1in the frequency domain. Let the transfer function
matrix for component i be Zi(s,ri) where:

(i) s is the Laplace transform variable

(i) s is a vector parameter which characterizes component 1%
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Figure 1. Linear system with N components.




The object of the fault diagnosis procedure developed in this paper will
be to identify (diagnose) the value of r (i=1,2,...,N).

Let ai(s) and bi(s) be the Laplace transforms of the component
input and output vectors. Then the component characteristic equation

for component i is:

bi(s) = Zi(s,ri)ai(s) 3.1
befine:

rs= col(r1,r2,...,ru) . (3.2)

1(s,r) = block-diag [21 (s,r,),zz(s,rz),. . .,ln(s,rn)] (3.3

The characteristic relation for all the components can now be written

compactly as
b(s) = Z(s,r)a(s) (3.4)

where a(s) and b(s) are the Laplace transforms of the composite
component input and composite component output vectors. The matrix
I(s,r) is called the composite component transfer function matrix. It
is sparse due to its block diagonal structure,

F}gure 2 illustrates the relationship of the composite component

transfer function to the entire system.
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Figure 2, Illustration of the relationship of the composite
transfer function to the entire system,




4. The Connection Equations

The connection equations model the constraints which result when
the components are interconnected. These constraints are linear and
algebr#ic representing conservation Laws such as Kirchoff's current and
voltage Llaws. Let u(s) be the Laplace transform of the system input
vector and y(s) the Laplace transform for the system output vector.
From Figure 2 note that the inputs to the interconnections are u(s) and
b(s) and the outputs from the interconnections are a(s) and y(s). This

Leads naturally to the following form for the connection equations:

a(s)

L11b(s) + L12u(s) (4.1a)

y(s) L21b(s) + Lzzu(s) (4.1b)

where the Lij are matrices whose dimensions conform to the given vector

quantities. The Lij are called the connection matrices and they are

generally very sparse. This occurs because most circuit elements and/or
subsystem blocks have physical connections to only a few "neighbors".
Figure 3 shows the system schematic further updated to portray the role
of the connection matrices.

A small example described in the next section best summarizes the

above development.

5. A CCM Example

Figure & is a circuit consisting of three components, two resisters
and a capacitor. The components are shown separated from their
positions in the circuit to emphasize the difference between the

connection equations and the component equations. The circuit input is

e _ v N e R
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> L, Z(s,r) Lo, y(s)
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Figure 3. Block diagram representation of the CCM equations.
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v and the output is y = [y',yzjt. Using the usual resistor, capacitor
equations as component models produces the following composite component

transfer function matrix equation:

b1(s) 1/R1 0 0 a1(s) ?
bz(s) =10 1"%cz 0 az(s) (5.1)
b3(s) 0 0 1IR3 aSCs)

Note that this equation is independent of the connections. It was
derived by relating the component outputs and inputs through the
components dynamics.

Next consider the connections. By using KVL and KCL on the

circuit, the following equations result:

a,(s) -1 0 by (s) y
as)l =11 0 - by(s)| + JOf u(s) (5.2a)
a4(s) 01 0 bg(s) 0

b, (s)

y1(s) 1 0 1

vy “jo 1 0 byts)f *+ |ol ut®) (5.20)
bs(S)

Note that the interconnection equations did not require any knowledge of
the actual components dynamics.
Most notable in the example is the large number of zero entries in

the I(s,r) and Lij matrices. In fact the number of non-zero entries in

the system matrices usually increases as the order of the number of
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components, (ie Linearly) resulting in extremely sparse matrices for

Large systems.

6. Simulation in the Frequency Domain

As will be seen the objective of fault diagnosis is to identify the
parameters of a system by observing the systems response (outputs) to a
given stimuli (system input). Essentially this process is the inverse
of the system simulation problem wherein system parameters and inputs
are given with the goal of numerically computing system outputs. Since
the CCM Lleads to a highly efficient method for system simulation, it
appears reasonable to suppose that its use in the fault diagnosis
probiem may share some of the same advantages. Thus we present a brief
description of the frequency domain simulation problem as an aid to
understanding the fault diagnosis discussions to follow.

Often, frequency domain simulations proceed by first constructing a
composite system transfer function matrix S(s) and then solving directly

for the system output y(s) according to
y(s) = S(s)u(s) 6.1)

It is possible to compute the composite system transfer function matrix

explicitly in terms of the CCM matrices as follows:
= - -1
S(s) = Ly, + L21(I Z(s,r)L11) Z(s,r)L12 (6.2)

where the inverse is taken as an element in the field of rational
matrices [1,9]. But this is not the most efficient way to compute y(s)
using the CCM., Instead equations 3.4 and 4.1 are combined to form a

sparse tableau given in equation 6.3

i o R i
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(s,r) =1 a(s) 0

y(s) = L21b(s) + Lzzu(s) €(6.3b)

A

oo

The solution of the sparse tableau equations of 6.3a are

substituted into 6.3b to obtain the system output. The advantage of

D e d

this method for system simulation comes from the fact that the tableau

can be solved using sparse matrix technique. The tableau matrix

(s,r) -1
M(s,r) =
’ I Ly

is very sparse since all its component matrices are highly sparse.

W =
SR

Therefore only the information on the nonzero entries need be stored.
The solution proceeds by using an LU-decomposition algorithm which
factors M(s,r) as L(s,r)U(s,r) Lhere L(s,r) is lower triangular and

U(s,r) is upper triangular. 1In general the matrices L(s,r) and U(s,r)

are both sparse and can be stored in the same space allocated to the

storage of M(s,r).

Solution of 6.3 at a single frequency is most efficiently done by

(1]
Lis,rP)X = [;L1zu(s£]

by forward substitution and

solving

k2
A
4
3
R
";
£




a(s)

by back substitution. ALl operations are efficiently executed using

sparse matrix techniques [4]. Computations over a range of frequencies,
$= ju, w, < wgw,, can also proceed efficiently via a continuation

algorithm [9].

As an example equation 6.4 presents the tableau equations for the

circuit of figure 4, where 61 = 1—-and 6, = 1—%

R1 3 3
%1 0 0 -1 0 a
31(sﬂ [ 0 1

1 0 0 -1 o0
0 -— -

Sc2 az(s) 0
0 0 63 e 0 - as(s) 0
4 0 0 0 -1 0 [bs| " [-uee 6.4
0 -1 0 1 0o -1 bz(s) 0
0 o -1 0o 1 0 bS(S) 0
b - ) ) ) )

7. Summary

In the CCM context the equations describing the components and the
equations describing their interconnections remain separate and
distinct. It is therefore possible to distinguish the effect of the
component dynamics from the effect of their topology. This will prove
to be an extremely desirable feature of the CCM when applied to the
fault diagrams problem.

The use of the CCM for system simulation has resulted in fast and

numerically well conditioned computations when sparse matrix techniques




15

; are employed [4,5). It is not unreasonable to believe that similar

advantages are waiting to be achieved by the use of the CCM in the fault

diagnosis problem.
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CHAPTER 2

MULTIFREQUENCY FAULT DIAGNOSIS (THE COMPOSITE TRANSFER FUNCTION APPROACH)

1. Introduction

This chapter has two objectives:

(i) Introduce the Multifrequency Fault Diagnosis problem; and

(ii) Highlight one of the two major methods for dealing with the

diagnosis problem, namely the Composite Transfer Function
Approach.

The following example illustrates the idea of multifrequency fault
diagnosis and motivates a formal definition of the problem:

Suppose one desires to determine the values of R and L in the
circuit in figure 5, but direct measurements of the components are
prohibited.

Let the available data be the measurement of the voltage across the
series RL impedance, y(s), and the known input current, u(s). The

composite system transfer function of the circuit is:
y(s) = (R + sbL)u(s) 1.1

Suppose (i) 4 is a real test frequency; (ii) u(s1) = 1; and (iii) the

measured output is y? = y(s1); where the superscript M means “measured”.

The evaluation of equation (1.1) at s = S4 with the measured output y?

produces
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u(s) 1) y(s)

Figure 5 Circuit used for motivation of
multifrequency measurements.
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v

Yy =R+ s (.2

where R and L are the unknowns. Clearly the data at 4 is insufficient
to determine the values of R and L; however performing a second

measurement at test frequency S5 # sS4 yields the matrix equation

Y4 |
" = 1 s [t] 1.3
YZ 2

Equation (1.3) uniquely determines R and L provided Sy and s are

distinct. This simple example illustrates the use of multifrequency

testing to identify circuit parameters. With this example in mind the
general fault diagnosis problem can be formulated as follows.
Given the following information:
(i) a \inear network appropriately modeled containing N
components, each component characterized by a parameter, T

i=1'2'.-c,N;

(ii) a set of test inputs; and

(iii) a set of test outputs
determine the parameters, ris i=1,2,...,N. As the simple example
illustrated measurements at a single test frequency may be insufficient
to determine all the parameters. Thus it is necessary to make a series

of measurements at enough different test frequencies to provide

sufficient data to uniquely specify all parameters.

e

There are two major approaches to multifrequency fault diagnosis

for Linear systems based on the use of the CCM:
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(i} The Composite Transfer Function Approach developed by Sen and
Saeks (6] and

(ii) The Tableau Approach developed by Decarlo and Gordan [7].
The purpose of this report is to continue the development of the
multifrequency fault diagnosis theory in the context of the tableau
approach. A comparison of the two approaches will best illustrate the
motivation for this choice. For this reason the next four sections
present a summary of the composite transfer function approach as well as

an example of its use.

2. The Fault Diagnosis Equations (Composite Transfer Function Apprvach)

Suppose a Linear system has the transfer function matrix
representation S(s,r) where r is the circuit/system parameter vector,
ie€a P = col(r1,r2,...,rn). The diagnosis of a Llinear circuit/system
begins by measuring S(s,r) at a set of q distinct real test frequencies,

s =s,, i=1,2,...,0. The measured data has the form [6]:
coL[%(51,r),5(sz,r),...,S(sq,ri]

The measuremeni in this form 95 a matrix valued function of the

parameter vector, r. It 1is much more convenient to convert it to a

vector valued function through the use of the "vec" function [8]1 of a

matrix defined as:

PN

NP A SN
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vec(A) = 2.1

Pl

where (i) A is an mxp matrix
(i) Ai is the ith column of A
(iii) vec(A) has dimensions mpx1
The composite transfer function matrix S(si,r) (9] can be expressed

explicitly in terms of the CCM matrix as:
_ - -1

i=1,2,00.,9. Let M be the vector of all the measured data defined

precisely by:

- .
' vecES(s1,r)]
vec[S(sz,r)J

me . 2.3
vec[S(sq,r)J

4 The measurement M can also be expressed in terms the CCM matrices

directly using equation 2.2 and the following identity [8,101:
F . vectx ¥ 21 = £2t @ X3 vecLvd (2.4)

where (i) X, Y and 1 are any appropriately dimensional matrices;
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(ii) the superscript t denotes matrix transpose; =nd
(iii) @ 1is the “Kronecker product,” i.e. given a pxk matrix A and

a mxq matrix B their Kronecker product is the pmxkq matrix

C1113:
a11 B . . °1k B
321 8 .
A @ BY| . (2.5)
Lap,‘ B . . °pk ad

Using equation 2.2 and 2.4 in equation 2.3 produces the fault diagnosis

equations:

.-

t -1
vec r'LZZJ + [L.‘2 (2 L21 (I-l(s.‘,r)L") Jvec [Z(s.',r)l

r -

vec [S(s.l,r)]
t -1
vec [S(sz,r)] vec [Lzz] + EL21 ® L.n(l-l(sz,r)L") Jvec [l(sz,r)]

nd = . s ()
-1
vee tS(sq,r)Jd -vec €Ly, + [L:Z ® Loy (I-2(s, rLyq) Jvec tl(sq,r)J-
(2.6)

where M is the measurement vector and f(r) is an explicit nonlinear

vector valued function of r. The fault diagnosis problem amounts to

solving:

FCr) 3Ma-f(r) =0 Q.7

where 0 denotes the "zero" vector.
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As mentioned earlier the use of multiple test frequencies is
necessary since for most practical cases a measurement of S(s,r) at one
test frequency will not provide sufficient information to determine r.
Notice also that the composite transfer function approach requires the
computation of the composite transfer function matrix explicitly (as in
equation 2.2). For lLarge systems this is no easy matter. Finally note
that the fault diagnosis equations are nonlinear. Furthermore, although
it is not readily apparent from equation 2.6, the polynomial order of
f(r) increases in proportion to the size of the system. A small example

at the end of this chapter will illustrate these points.

3. Measure of Solvability

Two key questions concerning the fault diagnosis equations F(r) = 0
are:

i) Does a solution exist?

ii) If a solution exists to what extent is it specified by M?

First consider the question of existence. Recall that M represents
measurements made on an actual system under test. If the model used to
cdarive the function F(r) is assumed to be precise it should be possible
to simulate the actual system mathematically by using ¥y = f(r). Since
any behavior of the actual system can be simutated by f(*), there must
be some value e for which f(r*) =M = F(r) = 0, provided M has no
measurement error. The parameter value r* represents at Least one
possible solution to the equation F(r) = 6. This discussion of the
existence of a solution to the fault diagnosis equation points out
possibte pitfalls which should be considered in the actual computation

of a solution. In general there will be some error associated with the
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measurement M. Furthermore the model used to derive the function f(°)
used for system simulation may not be exact. It is therefore possible
for the fault diagnosis equations to be inconsistent. For the
subsequent discussion, however, the existence of a solution to F(r) =8
is assumed.

Now that F(r) = 6 has a solution, to what extent is that solution
specified by the measurement, M? Under ideal circumstances r is
uniquely specified but because the fault diagnosis equations are
nonlinear multiple solution may exist. In spite of this it is still
possible for M to completely specify the desired solution if the region
of consideration 1is restricted so that the desired root is an isolated

. . L . . . :
solution. The solution, r , is an isolated solution if there is a

neighborhood of r* which contains no other solution of M~F(r) = 8 [19].
By a neighborhood of r* we mean a set of points {r| Ilr*-rll2 < ¢} for
some ¢ > 0, where ll°llz denotes the usual Euclidean norm.

When is the desired solution "isolated” and if it is not isolated
how much information does the measurement, M, provide about the
solution? Saeks and Sen [6] answer these questions by defining a
parameter called the "measure of solvability". The reasoning behind the
measure of solvability is based on the inverse function theorem which
requires the following three definitions [(19]:

Definition 1

The mapping F:D c R » R™ is Frechet differentiable at x € int(D)

(interior of D) if there is a Linear operator A: R" + R™ such that




24

Lim (1/||h||2)||F(x+h) - f(x) - Ahll2 =0 3.1
h~+o
Note: The usual representation of this derivative is the Jacobian
matrix. The derivative of F(*) will therefore be denoted by the matrix
JF(°).

Definition 2

A mapping F: D c R" + R" is a homeomorphism of D onto F(D) if F is

one~to-one on D and F and I-"'1 are continuous on D and F(D) respectively.

Definition 3

The mapping F: D c R + R" is a local homeomorphism at x € int(D)

if there exist open neighborhoods U and V of x and F(x) respectively,
such that the restriction of F to V is a homeomorphism between U and V.
Clearly the solution, r* to the equation F(r) = 8 will be isolated

if F(r) 1is a local homeomorphism at r*. This is determined using the

following £19]:

n

- Inverse Function Theorem: Suppose that F: 0 C R" » R" has a Frechet

, derivative, JF(.), in a neighborhood of x2 € int(D) which is continuous
s at Xo and that JF(xo) is non-singular. Then F is a local homeomorphism
- at xo.

E With the inverse function theorem in mind define the measure of

solvability [6] of the fault diagnosis equation F(r) = 6 by

8y
c(ro) = N - rank [JF(ro)]

.-

where (i) N is the number of unknown parameters,

(i) Fz 0 c RV » RN,

A lan

(i) JF(°) is the NxN Jacobian Matrix of F, and
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Giv) o is a solution point,

In other words 6(r°) is the dimension of the nullspace of JF(ro). The
Inverse Function Theorem guarantees that when c(ro) =0 (JF(ro) is non=
singular) then o is an isolated solution. 1If G(ro) # 0 then the fault
diagnosis equations must be augmented with c(ro) additional independent
constraints to guarantee that o is an isolated solution of the
augmented equations.

Given the form of the fault diagnoéis equations in equation 2.6 the

Jacobian JF(r) is the following [6]:

[ -1 t -1 N
(([hL"(I-l(s S, L) l(s1,r)JL1z) ® <|.21u-z(s ,r)L") )2 (dvec l(s1,r)]/dr

1 1" 1

-1 t -1
(([1+L"(1-l(sz,r)L") l(sz,r)JL.lz) ® (L21(1 l(sz,r)L") )} (dvec l(sz,r)lldr

Jptn) = ) )

-1 t -1
(((10L11(I-l(sq,r)l.11) l(sq,r)JL12) ® (Lz1(l l(sq,r)L") )} (devc l(sq,r)]/dr

L .

(3.3

It would appear from its definition that the measure of solvability

is a local property, that 1is it varies as the parameter values of a
given system vary. Saeks and Sen [6] show however that when I(s,r) is a
rational function of r, &(r) 1is "almost constant"” and can be
characterized by its generic value, §. "Almost constant” means that
$(r) = 6 ( a constant) everywhere in R" except possibly for some values
of r Lying in an algebraic variety [6]. An algebraic variety in R" s

the intersection of the zero sets of a finite set of non constant
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polynomials n variables [9]. For example in R2 the solution of y-x2=0
is an algebraic variety. Imagine a function f(x,y) that is constant
every where except along the lLocus of points described by y-x2=0. Such
a Llocus occupies "zero area" in the x-y-plane and it is therefore
appropriate to consider f(x,y) to be "almost" constant. Consider Figure
6 which displays the lLocus of the curve y~x2=0 in the x-y-plane. If the
intuitive idea of "area" (width x Length) is used the curved Lline of
figure 6 has zero thickness and consequently occupies zero area in the

plane.

4. Solution of the Fault Diagnosis Equations

Although many methods exist for the solution of nonlinear equations
the fact that an explicit form of the Jacobian of F(r) is known suggests
that the Taylor series expansion for F(r) might be useful for finding an
approximation to the solution point of F(r) = 6. Let F: D C:RN + Y and
suppose r = r* is a solution point of F(r) = 8 and o is some known

value close to r*. Express F(r*) as a Taylor series about the point Fo*
F(r*) = F(ro) + JF(ro)(r* - ro) + higher order terms 4.1)

Since r* is a solution point, F(r*) = o, Ignoring the higher order
terms because of the closeness of o to e produces the following

approximation:
*
0 = F(ro) + JF(ro)(r - ro) (4.2)

This equation provides a means to estimate the value of r*.  That
estimate is a natural choice for a new expansion point which suggests

the following iteration procedure:
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Figure 6. Locus of the curve y - x2 =0,
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JpeeRhy (kD Gy g (0, (4.3)
where r(k) is the "kth" estimate determined in the previous iteration
and r(k+1) is the current estimate to be calculated. This method is

called the Newton-Raphson iteration scheme and it converges reasonably
fast when r(O) =r, (the initial guess) is close to P 0123, 1f o is
not sufficiently close to the solution point it is possible for the
sequence of estimates to diverge. Navid and Willson propose an

algorithm based on the following theorem which alleviates this

divergence problem [13]:

Global Convergence Theorem:

R A St S e SR AL e it Gl I ARl

e

Let F: D c R” » R" be continuously differentiable and have a

nonsingular derivative F'(x) = JF(x) on the open set D, and assume there
*

exists x ¢ D for which F(x*) = 8. Then, given any x° e D, there exist

a sequence {xk} such that the iterates

xk+1 k 1 k

= - JF(xk)- F(xk), k=0,1,... (4.4)

converges to the point x*. Moreover, there exist m, depending on x°,
such that for k >m we may take Xk = 1; and hence achieve a faster rate
of convergence to x*.

The Xk in this theorem diminishes the change between estimates and
stablizes the sequence of estimates. When the estimates are
sufficiently close to the solution then lk becomes unity and equation

4.4 becomes the Newton~Raphson iteration step.

B R e it 8 i el 1
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S. Example
To illustrate the use of the Fault Diagnosis equations, apply them

to the following circuit: The input is u = Vin and the output is

y = (1, Volt. The circuit CCM equations are

"G -
b, (s)] 1 [a, (s)]
1 1 1
b, (s) 5, O a,(s)
» = (5-1)
b3(s) 0 G3 a3(s)
Fk(s) 64 ra(s)
p B i d
.LJ -
X 31(sf b, (s)
D -1 0
a,(s) 1.0 -10 by (s) 0 ,
= + . .
a0 1 0 o fogor| * Jo| Vin .2
3 00 0 0 1
i' ak(s) | bk(s)
] -
¥ 31(5)
1 0 0 bz(s)
. v {=fo 1 0 0| [b5¢e0] * Jof Vin (5.3
) o
b b4(s)
L .
The transfer function is
R
3 .
-
-
r
j 4
5
p
Ld
:i!
P
|
i




A Mciiia

il ch )

b il b

-1
1 6 0 0 T
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-— 1 0 1 —/— 0
00 S¢; ST, S¢, 0
lo]*lo 100 0 65 1 0 0 G 0
1
0 0 0 1 6,
L i _ i
sc2(51+ek> + 6361 + G3Ga + G1G‘
1
SCs,r) = ————n
’ 5T,%6,+6,

64

where r = (G1,Cz,63,64)t. Notice that the calculation of S(s,r) using
the CCM matrix required the inversion of (I-Z(s,r)L11).

For each test frequency, s = S;» equating the transfer function
equation to 1its measurement Yyields two independent equations in four
unknowns. Hence two real test frequencies are both necessary and
sufficient to uniquely specify the four unknown parameters. A
discussion of the problem of test frequency selection will appear in a
later chapter in the context of the tableau approach to fault diagnosis.

To solve for the unknown parameters choose two real test

frequencies Sq = 1 and sy = 2. Suppose that the measured transfer

function values are:

s,r) = s$2,r = 9 (5.5)

=
nl

This produces the following nonlinear vector fault diagnosis equation:
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TZ(G1+G,.) + 6163 4;(.;}64 + G1Gl.
5] €46+ 6
3 6
1 1
L |3 26 * 6
M=-F(r) = - =0 (5.6)
77._ 2c2(61+64) + 6163 +ﬁ(_;36" + 616‘
) th + 61 + G3
N &
2C2 + G1 + 63

In this example the equations are quadratic but the order of the

equations increases in proportion to the size of the system.

To solve the above equation set up the Newton-Raphson iteration

scheme using the explicit form of the Jacobian.

3 F (c(n) ;n))Z G1(n)2 G1(n)2
1
Tn) (n) (rW? (n) (n)__(n).2 ) .(n) _(n),2
é 2 4-(;1 3 ) (C 1 +63 ) (C2 +G1 +G3 )
3 C(")+ (n) -gm -gMm
2 3 1 1 0
- ¢ {n ) _(n).2 An) () _(n) 2 (n) (N, (n 2
f ! 2 +G1 63 ) (C2 G1 +63 ) (C2 +G1 3 )
X
] 2c ;n)+ ;m)z . 261(")2 G:n)z
‘ 1
. (n) (n) (n), 2 (), .(n) .(n). 2 ), .(m_ . (n), 2
4 (2c2 1 G3 ) (2C2 +G1 +G:s ) (Zc2 +G1 +63 )
y 2C gn)+ én) -ZG:n) - :n)
4 ny ) Ty 2 . (ny . (n).2 )y, .(n)_.(n),2
F : (2c2 1 3 ) ZC2 +G1 +63 ) (zcz G1 +G3 )
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(n+1) _(n)
G1 G1

(int1) ()
G G

= kn[M-F(r(n))] (5.72)

c(n+1)_G(n)

3 3

(int1) . (n)
G4 63
L i

where
(), (n) (), .. () .(n), . (n)_(n),.(n).(n)
c2 (61 +Gk )+G1 63 +63 Gk +G1 Gk W
F My (M
1.60 Ca 46y "*63
G:n)
40 c(n)+G;n)+G(n)
(n), ? 3 (5.7b)
M-F(f‘ = - .
() ,.(n) .(n) (n) .(n) _(n.(n) .(n.(n)
1.75]  |%C2 8y 46, )46, 7TG5 4656, 46, G,
n), .(n) . .(n)
Zc2 +G1 G3
.25 (n)
6,
- - n),.(n),.(n)
ZC2 +G1 +G3

To start the iteration process choose an initial guess for r,
Normally the nominal (or design) values for the components will suffice.
The first choice for An should be unity unless it causes the estimates
to diverge. A straightforward check for this is to test the inequality
HH—F(r(nH))ll2 < ||M-F(r("))||2. Where ||°|]2 indicates the usual
Euclidean norm. If it 1is true continue the iteration process but if
false repeat the step with a new Ay’ calculating a new r(n+1). Navid

and Willson C[13] decrease xn by the factor %-until the r("+1) estimate
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satisfies the inequality test.

6. Disadvantages of the Transfer Function Matrix Approach

The example illustrates some shortcomings of the Composite Transfer
Function Approach which become significant when it is applied to lLarge
systems. First the method requires the computation of the composite
transfer function matrix. This involves the inversion of (I-Z(si,r)L11)
for i=1,2,...,9. Next, if an explicit expression for JF(r) is used in a
Newton Raphson iteration scheme then (I-Z(s,r)L11) must be inverted
symbolically. This is extremely cumbersome for even moderately sized
networks. Finally since the CCM matrix (the'Lij and Z(s,r)) appear
imbedded within the transfer function expression it is difficult to
analyze the effect that each has on the fault diagnosis equations. For
example test point selection is equivalent to choosing L21. It is
desirable to choose L21 to minimize § for a given system but this is not
an easy matter in the Composite Transfer Function context. The next
chapter will introduce the Tableau Approach to the fault diagnosis
problem. Although the Tableau Form of the Fault Diagnosis equations are
equjvalent to those of the Composite Transfer Approach they are

formulated in a context which completely avoids the short comings listed

above.

. .
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CHAPTER 3

TABLEAU APPROACH TO MULTIFREQUENCY FAULT DIAGNOSIS

1. Introduction

The Tableau Approach to multifrequency fault diagnosis is
essentially the fault diagnosis problem developed in Chapter 2 recast in
the context of the component connection model tableau introduced in
Chapter 1. The rationale for this new approach is two fold. First, if
the use of the CCM frequency domain tableau permits the development of
highly efficient algorithms for simulating a systems behavior [9] it
should offer comparable advantages in the fault diagnosis problem which
can be thought of as simulation in reverse. 1In particular the tableau
approach to fault diagnosis should prove to be superior to the composite
transfer function approach discussed in Chapter 2.

Even more important than any computational advantages which the
tableau approach might offer is the additional insight into the nature
of the problem to be gained by this different perspective. The *ransfer
function matrix approach for example has offered Little insight into
problems such as the selection of test points or choice of optimum test
frequencies. Intuitively these issues center upon the individual
characteristics of each component in relation to how the components are
interconnected. In the CCM Tableau the component characteristic
equations and the connection equations remain separate. It is therefore

more reasonable to investigate the role each plays in the problem in
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this context rather than through a transfer function matrix where both
sets of equations are intermingled and hence indistinguishable. The
purpose of this chapter is to detail the development of the tableau

approach and to highlight its usefulness.

2. Development of the Fault Diagnosis Equations
The development of the fault diagnosis equations begin with the
frequency domain tableau which was introduced in equation 6.3 of Chapter

1. For reader convenience the tableau is repeated here in equation 2.1:

(s,r) -1 a(s) 0
= (2.1a)

y(s) = L21b(s) + Lzzu(s) (2.1b)

Recall that y(s) is the composite system output, u(s) is the composite
system input and b(s) and a(s) are the composite component outputs and
inputs respectively. Also recall that the components are characterized
by the parameter vector, r, via the composite component transfer
function matrix, Z(s,r) and that the Lij matrices describe the systems
interconnections.

Suppose that a test input, u(s) is applied to a circuit/system
characterized by equation 2.1 and that the output, y"(s) is observed.
The superscript "“M" emphasizes the fact that this is a test measurement.
Apply the simulation procedure 1in reverse by putting y"(s) into the
output equation (equation 2.1b) and gathering known quantities together

to obtain:

q
i
4
1
i
1
i
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Lybls) = M) - Lypu(s) 2.2)

The only unknown in equation 2.2 is the composite component output
vector b(s). A closer Look at the properties of L21 is necessary in
order to determine the nature of the solution to equation 2.2.

In any practical situation the number of system outputs is Lless
than the number of component outputs. (Measurements at essentially
every point within a system makes the fault diagnosis problem trivial
but it is unfortunately seldom practical.) To be consistent with this
practical consideration, make the following assumption:

Assumption 1: For the nyxny, matrix L,,, where n, = number of outputs and
n = dimension of b(s), Ny >n..

y
furthermore it is reasonable to make a second assumption concerning

L21:
Assumption 2: The matrix L,, has full row rank.

The reasoning to support assumption 2 is that any dependent row of
L21 corresponds to an output which can always be expressed as a linear
combination of the inputs and the remaining outputs. As a diagnosis
measurement such an output provides no additional information about the
system under test and therefore can be discarded. Discarding all such
outputs means eliminating all dependent rows of L21. The resulting L21
matrix must have independent rows.

To solve equation 2.2 note that assumption 2 insures that L21 has a
right inverse [14] and therefore a solution must exist. Unfortunately
agsumption 1 implies that L21 must have a non trivial null space and
therefore there are infinitely many solutions to equation 2.2. The

solution to equation 2.2 can be characterized in the following way [7]:
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p
-R M
b(s) = Log [% (s) = Lzzu(si] + k:1 a () v 2.3)
where: i) L;: is any right inverse of L21,
ii) p is the dimension of the null space of L21,
iii) The set {v1,v2,...,vp) are basis vectors which span the
null space of L21,
iv) The set {a1,a2,...,ap) are arbitrary (and possibly
complex) functions of s.

With the aid of the following definitions:

V= [v1|v2l...lva (2.4)
a(s) = col[a1(s),uz(s),...,ap(s)l 2.5
b ¢s) = LoN [yMeo) - LyLuts) (2.6
0 21 |Y 22 .

equation 2.3 becomes:
b(s) = bo(s) + Va(s) 2.7)

The vector bo(s) can be thought of as 'a particular solution to
equation 2.2. The vector Va(s) on the other hand represents the null
space component of the general solution. In other words Va(s) can be
viewed as the ambiguity 1in determining b(s) given the input-output
measurement Cu(s), y"(s)]. The need for multiple test frequencies is to
resolve such ambiguity which is intrinsically present in any formulation
of the problem. Recall the simple example illustrated by figure 5 at

the beginning of Chapter 2, which could not be solved by using a single
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test frequency. The above development characterizes this "insotubility” 1
as the null space of the L21 matrix.
Since more than one test frequency will usually be required for
fault diagnosis, let q be the number of test frequencies required.
Denote the test frequencies: s = s., i=1,2,...,9. The inverted output

i
equation (equation 2.7) becomes a family of equations:

b(si) = bo(si) + Va(si) i=1,2,...,9 2.8)

Next substitute b(si) from equation 2.8 into the connection equations,
a(s) = L11b(s) + L12u(s), which is part of the tableau in equation 2.1a.

This provides

a(si) = L11 [;o(si) + Va(sii] + L12u(s) (2.9a)

a(si) = L11bo(si) + L21u(si) + L11Vc(si) i=1,2,00.,9 (2.9b)

Since the first two terms on the right hand side of equation 2.9b are
known, a(si) can also be written as the sum of a particular solution and

an ambiguity component:

s e e g

als;) = a (s;) + Ly Va(s)) §=1,2,...,9 (2.10)

where :

7 {

‘f 3,(5;) = Lygb (8D + Lyyulsy) 2.1 i
‘; Now substitute equations 2.8 and 2.10 into the remaining part of the

tableau equation (component characteristic b(s)=2(s,r)a(s)).
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bo(si) + Vc(si) = Z(si,r)[}o(si) + L11Vu(sii] i=1,2,..,q9 (2.12)
The unknowns in equations 2.12 are r and a(si), i=1,2,...,Q. Finally
rewrite equation 2.12 in the following product form [7):

11Vu(si) + ao(si)

[?(si,r) ] -i] = bo(si) i=1,2,.., Q.13
u(si)

The family of equations defined by equation 2.13 constitute the tableau
form of the fault diagnosis equations. Notice that this set of
equations does not require the computation of the composite transfer
function matrix. The nonlinear component of these equations are the
terms Z(si,r)L11Vc(si). The order of this nonlinearity does not
increase as the size of the system increases. In fact for systems where
the components have the form Zi(s,ri) = 'izi<5) the equations are
quadratic regardless of system size. Further discussion of these points

follows in a Later chapter.

3. Solution of the Fault Diagnosis Equations
The product form of equation 2.13 lends itself to the following

compact characterization of the fault diagnosis equations [(7]:

f1(r)g1(24)-81

FOx) = . =9 3.1

-fq(r)gq(gq)-Bq.

where (1) a; = als))
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(ii) x = col(gd,ge,...,gq,r)
Gii) f.(r) = £Z(si,r)|-VJ

(iv) g.(a.) = |omcmmmmccacaa

v) 8i = bo(si)
The objective is to find the value of x for which F(x) = 8. One
method is to apply the Newton—-Raphson scheme introduced in the previous

chapter. In the case of the tableau form the iteration step is:

(k))(x(k+1) - x(k)) = - F(x(k)) (3.2)

Jpo(x

F

where i) x(k) is the k-th estimate of the root
and (i) JF is the Jacobian of F(.)

As a result of the product structure of equation 3.1 the Jacobian

has a sparse elegant structure [7]:

[ g, of, ]
f1(r)-5?‘-(2_1) 0 e 0 -a—r—(f')g1 (_21)
agz
0 fz(n}-g—z(ge)
JF(X) = : (3.3)
0 0
. ag af
fq(r)-a-;g-(gq) Fq(r)gq(_g'q)
—q
where - !
it
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%9,
fi(r)~?§; (gﬁ) = Z(si,r) L4 V-V (3.43)
and

f, 2z %

| 3 "\

> (r) gi(g-i) -a-'-_;-(si,r) [L11 vﬁi + ao(si)] | (3.4b) |
i

. 32
soe] -a—r;-(si,r) [L11 v 8, + ao(si)]

9.
Note that fi(r)iZl(EH) is independent of 8- Also notice that when the
i

components have the form Zj(s,rj) = rjzj(s) (e.g. RLC circuit elements)
af.
then s?l(r)gi(gh) forms a diagonal block of JF(.) which 1is independent

of r. Thus the Jacobian associated with the tableau fault diagnosis

equations has an elegant simple sparse structure which compares

o -

favorably with the "ugly” structure of the Jacobian in the composite

L

approach (equation 3.3 in Chapter 1I).

4. An Example
The example presented below is the same example which was presented
in Chapter 2 (figure 7). Besides jllustrating the use of the fault
diagnosis equations in the CCM context this will provide a basic
rcomparison of the two approaches. Such a comparison will illustrate the

relative ease with which the fault diagnosis equations are solved as

et s ol o

.

well as the simplicity in computing the Jacobian necessary for the

A L Gt tue AR (i Eibe e i S S S

3

Newton-Raphson iteration. Also the Jacobian will illustrate the sparse

structure shown in equation 3.,3. Finally a brief comparison of the

performance of algorithms based on each approach will be presented.

i
|
|
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Recall, then, the following CCM equations from the example

presented in Chapter 2

b, (57 1 2y ()]
LI
bz(s) SC2 az(s)
by(s)| * 0 6 Ay (s) (4.12)
fk(S) G‘ 84(s)
- -
[a, (s)] b, (s)
1 4 o 1(8)]
agts)| "o 1 0 of [byes * o] v (4.5
s 10 % %Y jpf [
L. - L. -
Qﬁ(s)
y1(s) 00 bz(s)
v =0 1 0 of |egeer| ¥ of U6 (6. 10)
b, ()

In addition to the information provided ir equation 4.1 the tableau
approach requires a right inverse for L21 and a basis for the null space
of L21. These can be computed very efficiently using singular value
decomposition techniques [15] such as those found o (IMSL (161 or
LINPACKL17]. In this example L21 is smal! enough to compute the

following by inspection.

J
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-R 0 1
Lz1 =10 o 4.2)
00
1
00
V= [v.l VZ] =lo 1 4.3)
-1 0

Now suppose the same two real test frequencies are used: Sy = 1 and

Sy = 2. Let u(s1) = “(52) = 1 and Let the output measurements be:

M 3 M D
y (s1) =l and vy (sz) = 14 (4.4)
3

If the above information is substituted into the fault diagram
equations (equation 3.1) the following set of non-linear simultaneous

equations result:

] 2 A
3
6 -1 0 5 H
1 a;(1) = ay)(1) + 5 3
= 0o o0 1 1
2 T k]
- =0 (4.53)
63 0 -1 1 0
G‘ 1 0 a1(1) 0
| uz(1) i
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_ s -
'y
P -
64 1 0] aq @)-ay(2)+ F{-'
1
0 o 1 1
X, y %
6, o -1 ) - o = 0 (4.5b)
6, 1 1 a,(2) 0
2

-
Equations 4.5 consists of eight independent equations in eight unknowns,

1
X = o, (1),0,(1),0,(2),0,(2),6,, G /63,6, "

To solve equation 4.5 using the Newton-Raphson scheme,

J (x(k))(x(kﬂ) - x(k)) = - F(x(k)) (4.6)

F

requires the following Jacobian matrix.
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- 0 00
1.0 0 3 0
1 1 5
= " 0 0 0 a=ay+3 0 0
2 2
1 \ 1
0 -1 o0 0 o 0 30
) |
1 0 0 0 o 0 0 1
Jeto) = - = - - '3‘ - - - - 4.7
o 0 -1 0o 3 0 00
[] t
1.1 - 7
0 0 13 "3 0 9 D@7 00
' 2
[}
1
o 0,0 -1 ,0 0 z 0
1 0 O 0 0 1
|00 3

The partition on the matrix in equation 4.7 emphasizes the sparse
structure for the Jacobian presented in equation 3.3 A potential
disadvantage of the sparse matrix tableau formulation should be noted at
this point. Although the Jacobian in equation 4.7 is sparse the number
of non-zero entries is not small enough to provide any obvious advantage
over the transfer function matrix approach in memory requirements to
store the Jacobian. It remains to be seen if this short coming is
intrinsic to the sparse tableau approach or if it may be circumvented by
somehow exploiting the regular structure of the Jacobian (equation 3.3).

Although the sparse tableau formulation produces a set of fault
diagnosis equations for this example (equation 4.5) which are equivalent
to the equations generated by the composite transfer function matrix
approach (equation 5.6 of Chapter 3) there are several important
differences which give the tableau approach numerical advantages. First
the sparse tableau formulation does not require the computation of a

transfer function matrix and hence the equations describing the circuit




46

are much easier to develop. In particular the inverse of the matrix
(I-Z(s,r)L.H)-1 is not needed. Second the polynomial order of the fault
diagnosis equations in the sparse tableau formulations does not increase
with the size of the system as the equations in the composite transfer
function matrix approach do. In many applications (e.g. RLC circuits)
the sparse tablepu form of the fault diagnosis equations will be
quadratic.

One final comparison which should be noted is the performance of
the Newton Raphsons iteration scheme as applied to the two different
approaches. The basis for the comparison is two FORTRAN programs
executed on a VAX 11/780 minicomputer. The first program uses the
Transfer Function matrix approach and the second uses the Sparse Tableau
approach. Both approaches were applied to the example presented in this
and the previous chapter except that a single complex test frequency (s
= j1) was used instead of two real test frequencies. (A discussion on
the use of complex test frequencies will be presented in the next
chapter.) Table 1 is a summary of the comparison which Lists the number
of iterations required by each scheme to find the given parameter vector
using the nominal value (all parameters equal to unity) as a first guess
for the Newton Raphson iteration.

The information in Table 1 indicates that for the example used the
Tableau equations converge faster. In one case the Transfer Function
Matrix equations failed to converge. These results certainly indicate
that further study of the numerical properties of the tableau fault

diagnosis equations is warranted.
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Figure 7. Circuit to illustrate the use of the Fault Diagnosis Equations.
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S. Summary and Conclusions
The sparse tableau formulation produces a set of fault diagnosis
equations equivalent to those of the composite transfer function matrix

approach but they are much easier to compute and potentially easier to

solve. The development of the Sparse Tableau approach however is far
from complete and before any final conclusions are made on its merits
many aspects of the approach remain to be investigated. Among these
are:

(1) The extension of the measure of testability from the transfer
function matrix approach to the tableau approach;

(2) The investigation of test frequency selection in the sparse
tableau context;

(3) The development of a method for test point selection;

(4) A more detailed comparison of the solution algorithms of the
two approaches;

(5) The investigation of the modification of the Sparse Tableau
Solution Algorithm to exploit the quadratic order which
characterizes the tableau equations in many cases;

(6) Application of the sparse tableau equations to the diagnosis
of a relatively large example (more than 30 components)

The first item and some aspects of the second form a major part of the

next chapter of this report.
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CHAPTER 4

CURRENT RESEARCH IN THE TABLEAU APPROACH

1. Introduction

This chapter contains a collection of results stemming from recent
research into the Tableau Approach to fault diagnosis [9]1. These
include a discussion of the Newton Raphson iteration applied to
overspecified equations, a test for diagnosability in the Tableau
context, bounds on test frequencies and the presentation of several

examples.

2. Newton-Raphson Iterations and the Non-Square Jacobian
In all previous discussions of the solution of the nonlinear
equation F(x) = 8 the underlying assumption was that F(x) mapped R"

into R". 1In this case the Newton Raphson iteration step

JF(x“"m"‘”’ e SR T 2.1

(k1) | x(k)) when the Jacobian JF(x(k)) is

has a unique solution for (x
non-singular. In many cases the fault diagnosis equation will be a
mapping from R" into R" where m#¥n. To see why this occurs recall the

tableau equations from Chapter 3:
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f,(r)g, (ay) - 8,

F(x) = . = (2.2

qu(rgq(gq) - Bq _

where (i) a, = a(s;)

Gi) x = col{ga,ge'._.’gq,r)

(iii) fi(r) = tZ(si,r) | -Vv1

11 V 8y * 3g(s)

(iv) g.(a) =

(v) Bi = bO(si)

In the case of real test frequencies (complex test frequencies are dis-

cussed later in the chapter), F(x): D c:RN+pq - an and

JF(xk) c R(Hq)x(N+pq)

where (i) N = dim (r)

(ii) p = dim (gi), i=1,2,e0.,9
(iii) M = row dimension of Z(si,r)
(iv) q = the number of test frequencies

Since N, p, M and g are all integers it is not necessarily true that:
N + pq = Mg (2.3)

If equation 2.3 holds the solution of equation 2.1 proceeds using any of

the many accurate numerical techniques available for inverting the
(k))

square non-singular Jacobian, JF(x
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Under the diagnosability criterion to be developed Llater in the
chapter, a system for which JF(') does not have full column rank is not
guaranteed to be diagnosable and therefore the usual techniques are not
directly applicable. This situation is characteristic of a lLack of
sufficient measurement data for diagnosis. For the underspecified case
it is necessary to augment the available data by adding test
frequencies, providing more test outputs, or assigning known or assumed

k)

values to a subset of the parameters. Assuming however, that JF(x )

has full column rank the only other possible relation for the dimensions

of JF(x(k)) is

N+pq < Mq (2.4)

A simple example will Jllustrate the nature of the Newton Raphson

it o 4

jteration when inequality 2.4 holds (JF(°) has more rows than columns).

2 Suppose F(x): D C:R2 - R3 js defined as

. F2 }

- X9 + X5 2 W
Flxgoxp) = |2n, + x§ -3 (2.5)
2
X4

+ x, -2

2
2

The point (1,1)t is a solution to the equation F(x) =9, x = (x1,x2)t.

The Jacobian, JF(x1,x2) € R3x2 is:
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2x1 1
) = |2 2, (2.6
2x, 2%,

Let the starting point for the Newton Raphson iteration, be (Z,Z)t.

Equation 2.1 evaluated at the first iteration of this example becomes:

%

1
2 4 h == |5 2.7)
of |2 6
where
] x;1) -2
ho| = 1,0 _ )

Since the vector <[ 4 5 6]t is not contained in the space spanned by
the '"column vectors”" [4 2 st and [1 4 st equation 2.7 is incon-
sistent.

How then is the Newton-Raphson ijteration step solved when the
linearized equations are inconsistent? A reasonable approach to provide
a solution to equation 2.1 when it 1is inconsistent is to find

x(k+1) - x(k) 4y such that

k) (k)

||JF(x Jh + F(x )II2 (2.8)

is minimized, where ||'||2 is the Euclidean norm. This "least squares"
problem is readily solved using singular value decomposition techniques

C15] available in many computer subroutine libraries such as

RV 7= 13 SN
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f

LINPACK[17]. To see why such a scheme is reasonable suppose F(e):
0 R" + R™ and m < n. Consider the Taylor exnansion of F(x*) about the

point x where F(x*) = 8.
* *
F(x') = ¢ = F(x) + JF(x)(x -Xx) + ¢ 2.9

The term ¢ represents the effect all the higher order terms of the
expansion. Recall from the derivation of the Newton Raphson scheme
(Section 4 of Chapter 2) that ¢ is assumed to be small enough to be ]
disregarded. Before doing that decompose F(x) and ¢ into orthogonal

components in the following manner:

FOO = FOO® + FOot (2.10a)

€e=¢ *+ ¢ (2.10b)

where the superscript C denotes the projection onto the column space of
JF(x) and the superscript 1 denote the projection onto the orthogonat
complement of the column space of JF(x). Substituting equation 2.10

into 2.9 yields:

1

0= FOC + FOot + T I .11

Since those terms which Lie in the column space of JF(x) are orthogonal
to those which Llie in its orthogonal complement, equation 2.11 can be

decomposed into two equations:

0= F(0C + TR I (2.12a8)

et okt £
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1

0= FOOY + ¢ (2.12b)

Since ¢ = cc + cl where ec and cl are orthogonal then

2 €c,,2 1,2 . o
el = He“llg + Hle' 15 1f 1lell, is smalt then |11, and |1t
must also be small. Neglecting the term ec in equation 2.12a leads to

the following iteration step:

Ky (x kD _ (k)¢

J xKy = L pex (2.13)

F

Equation 2.13 is simply the Newton Raphson step used earlier except the
right hand consists of only that part of -F(x(k)) which Lies in the

(k)). Not only is equation 2.13 consistent but it

column space of JF(x
is mathematically equivalent to the “least square” problem of equation
2.8.

One would expect that equation 2.13 has convergence properties

similar to the Newton Raphson iteration when F: 0 cR" + R".

To
illustrate this a simple "attraction theorem” for equation 2.13 will be
presented Llater in this chapter. Intuitively, however, as the estimate
x<k) approaches the solution point the Llinear term of equation 2.9
becomes more accurate causing ||¢||2 to decrease. This implies that

C

||e1||2 and IIecll2 must also decrease since el and ¢ are orthogonal

components of ¢.

3. Diagnosability

The purpose of this section is to develop a test to determine under
what conditions it is reasonable to attempt to solve the Tableau fault
diagnosis equations (Equation 2.2). Unlike the Matrix Transfer Function

Equations the Tableau equations have the ambiguity unknowns, as,

s
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i=1,2,..,9 in addition to the parameter vector, r. Because the
objective is to identify the parameter vector r, computing the_gi's may
seem unnecessary. The role of the these auxiliary unknowns is to

*unfold"” the fault diagnosis equations from RN where r Lives (as in

other approaches) to the larger dimensional space, RN+pq

In RN the fault diagnosis equations are highly nonlinear. 1In RN+pq the

, where x Llives.

equations are often quadratic, and the data of the end of Chapter 3
r* supports the conjecture that solving for the Larger dimensional x is
‘ preferable to solving for r directly. See Table 1 of Chapter 3, page
49.

‘ Like the fault diagnosis equations in the Transfer Function Matrix
Context (equation 2.7 of Chapter 2) the solvability of the tableau
equations (equation 2.2) is based on the existence of an isolated
solution (Section 3 of Chapter 2). For the tableau equations however
the issue is confused by the presence of the auxiliary unknouns,‘gi, i=

+ * * & LA
RV pq' x = (24,32,...,£q,r )t is a

1,2,...,9. For example suppose x* €
solution to equation 2.2. Suppose furthermore that for every & ¢ R,
§ >0, there exists a vector h ¢ RN+pq, with ||h||2 > 0, such that
x4 sh is also a solution. Clearly in this situation x* is not an
isolated solution. Now suppose the vector h in the above situation
always has the form h = (h1,h2,...,hq,0). In other words even though
e the solution x* is not uniquely specified by equation 2.2 the subvector,
r, is uniquely specified. 1If such a situation were possible a criterion
of solvability, which required that the solution x* be isolated in order

to completely specify r, might be too restrictive. The objective of the

next few paragraphs is to show that such a situation will not occur and
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thus permit the criterion of an isolated solution to be used as the
basis for a definition of diagnosability.

Recall that the tableau fault diagnosis equations are based on
measurements y"(si) in response to inputs u(si), i=1,2,...,9. Using

the transfer function matrix,

S(s,r) = L22 + L21[}-Z(s,r)L1i]-1 Z(s,r)L12 3.1

the measurement can be expressed in terms of the parameter vector
directly as:

M = - -1
y (si) = [@22 + L21[I Z(si,r)L11 ] Z(s,r)L1é] u(si) 3.2)

for i =1,2,...,9. The family of equations in equation 3.2 share the

same properties as the fault diagnosis equations of the Transfer
Function Matrix approach. 1In fact the input u(si) and Sis i=1,2,...,49
can be chosen so that equations 3.2 correspond exactly to the Transfer
' Function Matrix fault diagnosis equations (equation 2.6 of Chapter 2).
The concern that basing a criterion for solvability of the Tableau
Fault diagnosis equation (equation 2.2) on the existence of an isolated

solution can now be dispelled with the following theorem:

Theorem 3.3: The vector r* is an isolated solution of equations 3.2 if

‘ *®
! and only if there exist auxiliary vectors.gi, i=1,2,...,9 such that
)
‘ * * * * & . . .
¥ X = (508500000807 »" is an isolated solution of equation 2.2. The
4

proof of theorem 1 requires the following Lemmas.

o Lemma 3.4: If r* is a solution of equation 3.2 then there exist unique

a‘ 2‘:' i = 1,2,---’0’ Such that X* = (ﬂ;,&:’-o.'épr’)t 13 . Solution to
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equation 2.2.

Proof of Lemma 3.4: The proof is by construction. Since r' is given it

may be used in the tableau equation (equation 2.1a of Chapter 3) to
simulate the system. Now suppose that the test frequencies, S;/
i=1,2,...,9, are neither circuit/system poles nor component potes. 1In
this case equation 2.1a of Chapter 3 is well defined and can be solved

uniquely for b(si), i=1,2,...,9. Denote these solutions b*(si),

i=1,2,.0.,9. From equations 2.8 of Chapter 3:
Vo, = b¥(s) = bo(s)) i = 1,2...,0. (3.5)

By construction the right hand side Lies only in the column space of V.

This implies that
RankCV] = Rank[v | b*(si) - bo(si)] (3.6)

and therefore solutions‘gi, i=1,2,...,4, of equation 3.5 exist. Since
V has full column rank these solutions are unique. Furthermore the
. . * * LANK N . s

construction insures that the vector x = (14'32""’3q’r ) satisfies
equation 2.2.

Q.E.D.

* * % * . .

Lemma 3.7: If x = (24,32,...,nq,r*)t is a solution to equation 2.2 then
* N .
r is a solution to equation 3.2.

Proof of Lemma 3.7:

* .
Since x 1is a solution to equation 2.2, the vectors e and

i=1,2,v.0,9, satisfy




[?(si,r*) | -i] ------------- - bo(s.) =9 3.8

Recall that

by(s;) & L;:[}"<si) - L22u<ii] (3.9
and
ag(s;) 4 Lygbg(sy) + Loputsy) €3.10)

Multiplying out equation 3.8 and substituting equation 3.10 yields:
s, ,rh (s) + vai| + 2¢s.,r, L uts) - [b + o] = 031D
Sior L11 b0 S5 \l«_:_i Y4 S;.r 1puisy) - O(Si) ;] =eG.
Solve for bo(si) + VE&’
* _[ * -1 *
bo(si) + Vg& = [} Z(si,r )L1i] Z(si,r )L12u(si) 3.12)

Multiply on the Left by L21 and recall that the columns of V span the

null space of L21. Hence
Logba€s.) = L (1-2¢s.,r ™ 7 20, P ™0, Luts ) (3.13)
2190537 T Lq|I720s5.r Olgq 2@ rLg5us, .
Finally substitute equation 3.9 into 3.13 to obtain:
Mes) = ¢y, + I-2¢s, ,r 0, | 20s.,rMIL) u(s)  (3.14)
y (s5) =4y + Ly TR T Sjer Mgt uls; .

i=1,2,...,q9 for which coincides with equation 3.2.

Q.E.D.

{ SRS .- ...
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Proof of Theorem 3.3:

Suppose x* = (2;,2;,...,2;,r*)t is not an isolated solution of
equation 2.2 but P is an isolated solution of equation 3.2. Since x*
is not isolated, for any arbitrarily small § > 0 there exists another
solution R = (Gys8p,-+-8,M°  such  that 0 < [Ix"-811, < 5. Now
according to Lemma 3.7 * must also be a solution to equation 3.2 and
furthermore r* ¢ P (1If r* = f then by Lemma 3.4, 2; = é;, 1 =1,2,¢..,Q
which contradicts x* # R.). Since r* and P are corresponding comgonents
of x* and R respectively then 0 < llx*-RH2 < § and P imply that
0« ||r* - Fll2 < §. But g can be chosen arbitrarity small which
implies P becomes arbitrarily close to et implying r* is not an isolated
solution to equation 3.2. This contradicts the assumption that r* is

isolated.

Part 2 - "if"

* . . . *
Now suppose r 1is not an isolated solution of equation 3.2. Use r

b 5 in Lemma 3.4 to construct a solution to equation 2.2. Denote this
s solution x" = (2:,2;,--.,23,P*)t and assume that x" is an isolated
.. solution to equation 2.2. From the construction in Lemma 3.4 the a.,
i=1,2,...,9 and hence x = (24,22,...,gq,r) are continuous functions of
re Now select an P and construct the corresponding . From the
, property of continuity for any ¢ > 0 there exists a § > 0 such that

'
f whenever IIr*-FII2 < s, IIx*-RII2 < ¢. Since r* is not an isolated
.v; solution the F can always be chosen to be a solution as well.

Consequently from Lemma 3.4 & must be a solution to equation 2.2. Since

¢ is arbitrary, in any open neighborhood of x" it is possible to find
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another solution R. This contradicts the assumption that x* s
isolated,

Q.E.D.

Lemma 3.4 and 3.7 and Theorem 3.3 clearly establish the equivalence

of the Fault Diagnosis equations in the Tableau Form with those in

transfer function matrix form and make the following definition
possible.

Definition 3.15: A circuit/system modeled by equation 2.1 of Chapter 3

is said to be "DIAGNOSABLE" 1if and only if there exist real test

frequencies, Siv and corresponding test inputs u(si), i=1,2,...,Q,

with g finite, for which a solution to equation 2.2 exists and is an

isolated solution.

With respect to the above definition the terms DIAGNOSABLE and
DIAGNOSABILITY will be used in the context of the tableau approach to
avoid confusion with the measure of testability defined in the transfer
function matrix context, Also the test frequencies, s;» are not
necessarily distinct. For example a system with two inputs could be
diagnosable with q=2 where Sq = 5, u(s1) = (1,0)t and s, = S,
uts,) = 0,N°%,

The next theorem provides an explicit test for diagnosability.
Theorem 3.16: Suppose a circuit/system is characterized by a parameter
vector r. Let x be a solution to equation 2.2 which includes the

subvector, r. Then the circuit/system is diagnosable for the parameter

vector, r, if there are sufficient test frequencies, Sio and
corresponding inputs, u(si), i=1,2,...,9, such that JF(x) has full

) ﬂ column rank.

SRIFOR. 7  * CEE
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Proof: Recall that in the tableau fault diagnosis equation, F(x) =8,
the nonlinear function F: D C:RN+pq + R"q where Mg > N+pq. Since the
Max(N+pq) Jacobian matrix has full column rank it must have an

(N+pq)x(N+pq) submatrix, J x(s), which is non-singular. Define k:

£
+ + . .
[} C:RN Pa ., RN Pq to be a subvector of F whose entries are the entries

of F corresponding to the rows of J (x). Clearly if x satisfies
£
F(x) = @ it must satisfy F(x) = 6. Since J (s) is non-singular the 1g-

3
verse Function Theorem 1insures that x must be an isolated solution of

#(x) = 6, The vector x must Likewise be an isolated solution of
F(x) = 6 and therefore definition 3.15 is satisfied. b
Q.E.D.

To be of any practical use the fact that JF(°) has full column rank
at some specific solution point must infer that it has full column rank
elsewhere. This is important for two reasons. First, the Newton-
Raphson iteration scheme requires that JF(x) have full column rank to
uniquely solve the Newton-Raphson step for a sequence of estimate xk.
If at any point there is no unique solution the iteration scheme could
not proceed. Second, it would be reassuring to know that wuwhen a
circuit/system is designed to be diagnosable for some nominal parameter
vector r, it will still be diagnosable should the parameter vector
change due to aging or failure of the components.

In practice the use of the Newton-Raphson iteration scheme requires
that JF(x) have full column rank almost everywhere. In this context al-
most everywhere means everywhere except in a lower dimensional algebraic

variety [9], 1If this is true then whenever the algorithm encounters a

"bad” vatue for x an arbitrarily small perturbation of «x
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will yield a value from which the iteration can proceed. The following

theorem shows that this is indeed the case:

Theorem 3.17: Suppose x* ¢ RN*P9 ang JF(x*) has full column rank then

JF(x) has full column rank for almost all x ¢ RN+pq.

Proof: If JF(x*) has full column rank then there 1is an N+pq by N+pq

submatrix, H(x*), such that detCM(x™)] # 0. Since every entry of JF(x*)

is either a constant or a Linear combination of the elements of x*, this

determinant 1is a polynomial in x". Now consider the polynomial

detTM(x)]. It is not zero at x = x" and therefore is not identically

zero. The zero set of this polynomial is an algebraic variety of R"+pq

of dimension no lLarger than N+pq-1 and contains all points where JF(x)
is NOT full column rank.

Q.E.D.

The question still remains: Can the parameter vector change to make

a diagnosable circuit non~-diagnosable? Dijagnosability is defined only

N+pq which are possible solutions to equation 2.2

for those points x ¢ R
and according to lemmas 3.4 and 3.7 this is an N dimensional subspace of
R"*pq. Clearly measure over RN+pq is not appropriate to this situation.

N the measure over R“ is used

Since the solution space is isomorphic to R
in the following:

Theorem 3.18: Suppose a circuit/system is known to be diagnosable via
Theorem 3.16 for parameter vector r*. Then it is diagnosable for almost
all r ¢ RV,

Proof: By Theorem 3.16 test frequencies exist such that JF(x*) has full

column rank. (Note: x* is determined uniquely from r* as per Lemma

3.4.) If JF(x) is evaluated only over the solution space of equation 2.2

Tod L e L e




64

it may be considered a function of r only, since the.gi, i=1,2,...,4,

are functions of r. J_. can be expressed explicitly as a function of r

F
by replacing the term [L11V£H + ao(si)J in expression 3.4b of Chapter 3
as follows:

-4
[L"vg‘. + ao(si)] = [I - L“Z(si,r). L12u(si) (3.19)

Now all entries of JF(r) are constants, polynomials in r, or ratios of

polynomials in r. Because JF(r*) has full column rank, k, there is a k

by k minor M(r®) such that det M(r™) is defined and is not zero. Now

consider the parameter vector r # r*. The determinant of M(r) can be

written as a ratio of polynomials in r:
p1(r)

DetlM(r)] = BE?FT (3.20)

Since M(r) is not zero and defined at r* polynomials p1(-) and pz(') are

not identically zero. JF(r) has full column rank everywhere except

possibly over the zero sets of p1(-) or pz(o), which are algebraic
varieties in RN and hence so is their union.

Q.E.D.

The discussion thus far has required real test frequencies. The

most Llikely test signal in fault diagnosis testing, however, is a

sinusoidal signal which is equivalent to using a complex pair of test

frequencies. It 1is appropriate therefore to illustrate how the fault

diagnosis equations are affected by the use of complex test frequencies.

Wwhen the $; = jui, i=21,2,...,9 are complex, the fault diagnosis

equations simply become complex vector equations but since r is
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generally real it is convenient to use real arithmetic. Yo do this it
is necessary to convert the fault diagnosis equation to an equivalent

set of real equations. Equation 2.2 becomes:

Re[F(xRe)J

InCF(xRe)] =

N
-4

where Rel 1 and ImC 1 denote real and imaginary parts respectively. The

unknown vector Xpe € RN+qu js defined:
-1
Relqd 2
Xpe = ImCo]| where o = [ | (3.21)
r -
4a

The Jacobian JF(xRe) has the form:

aRelF] Re[F] R e[F
aReCql aImlal »
J_(x, ) = (3.22)
F'"Re 2ImCF]  ImCF] gImEFJ‘
aRelal FImlq i

Like the Jacobian in the real test frequency case, JF(xRe) is sparse and
each block has a diagonal or block diagonal structure. In Light of the
above discussion it is possible to state the following test:

Corollary 3.23: (to Theorem 3.16): A circuit characterized by parameter
vector, r, is diagnosable if there are complex test frequencies,
$; * j“i and corresponding inputs, u(si), i =21,2,...,9, such that

JF(xRe) has full column rank.
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Q.E.D.
Proof: Speci_l - e of Theorem 3.16.

- This Last test is significant because a single sinusoidal input

embodies two test frequencies, :ju, and thus fewer input-output

E | measurements are required.

4. Test Freguencies

The use of Theorem 3.16 or corollary 3.23 requires the selection of
appropriate test frequencies. Presently no method is known to make this
selection in an optimal manner. Nevertheless it is possible to place
some simple bounds of the number of test input/frequency combinations

:v' necessary to satisfy the conditions of Theorem 3.16 and 1its corollary.
The bounds developed here are applicable to complex test frequencies and

greatly simplify the wuse of corollary 3.23 in determining

diagnosability.
Theorem 4.1 (lower bound): Suppose a circuit/system has the following
characteristics:
i) N real parameters
i) Dim{nulltL21J} = p,
iii) The test frequencies are sS4 and test inputs are u(si), and
i=1,2,...,9.

iv) The row dimension of Z(*,*) is M

7f§ The minimum number of test inputs/frequencies, q, required to make the
1

;L1 circuit/system diagnosable is
<

s N

1 g = Im' (4.2)

where the sgquare bracket indicates "least upper-bounding integer."
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Proof: For complex frequencies it is convenient to consider a set of
equivalent real scalar equations since the parameter vector r is real.
Thus q complex test frequencies result in 2Mq equations in N+2pq
unknowns (the 8, may be complex but r is not). In the best case all

equations are independent. Hence 2Mq > N+2pq which implies

Q2 3epy - b

Q.E.D.
Note: Implicit in the above proof 1is the fact that M must be
greater than p in order for q to be positive and finite. Intuitively,
if the dimension of ambiguity at any single test frequency is not
strictly less than the number of scalar equations generated by each test
frequency, no choice of test frequencies could possibly resolve it.
Theorem 4.3 (upper bound): Consider the same circuit/system as Theorem
4.1. If it is diagnosable the maximum number of test inputs/frequencies
necessary is N.
Proof: Each of the terms fi(r)gi(gﬁ) - Bi = 0 in equation 2.2 consists
of M complex scalar equations in N+p unknowns. N unknowns corresponding
to the parameter subvector r are common to each set. Converting to an
equivalent set of real equations this yields 2M equations in N+2p
unknowns (again r is real). Therefore the first test input/freguency
produces N+2p unknowns and each subsequent measurement introduces 2p
more. fClearly if each such set of 2M equations contributes 2p
independent equations to the entire set there could be no Locally unique
solution, whereas if each contributes 2p+1, a locally unique solution is

possible, Since the circuit/system is diagnosable by hypothesis then
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the worst case (requiring the most test frequencies) is 2p+1 independent
equations per test frequency. In this case q must satisfy:
q(2p+1) < N+2pq and g < N. Since q=N is the minimum integer which
satisfies the worst case this must be the most test frequencies
necessary.
Q.E.D.
For a given circuit is now possible to choose test frequencies and
determine if the choice renders the circuit diagnosable for some nominal
set of parameters. After a circuit is found to be diagnosable the
Newton-Raphson iteration scheme can be wused to solve for the actual
values for those parameters from measurements taken at the selected test

frequencies.

5. Nonlinearity of the Fault Diagnosis Equations

An extremely important special case form of the component transfer

function matrix arises when
Zi(s,ri) =r, Zi(s) G.1

In this case each of the product terms of the Tableau form of the fault
diagnosis equations is affine [21) and the components of F(x) are always
quadratic polynomials in x, regardless of the number of components in
the system. This is not the case with the Transfer Function Matrix form
of the Fault diagnosis equations (equation 2.6 of Chapter 2). Each

entry of equation 2.6 of Chapter 2 has the form:
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_ pkn(r)

™ “p =0 (5.i
k Pra'r

where L is the measurement of one entry of the transfer function matrix
and pkn(r) and pkd(r) are polynomials in r. The ratio pkn(r)/pkd(r) is
a scalar transfer function from the system input to the system output
associated with the entry of the transfer function matrix to which the
measurement, m,, corresponds.

As the size of the system/circuit increases the degree of the
polynomials, pkn(r) and pkd(r), will generally increase. A simple
approach to see why this occurs is to form the directed graph which is
equivatent to the CCM equations and then use Mason's gain formula [20]
to make some general observations about the nature of pkn(r) and pkd(r)
as the number of components of the circuit in question increases.

A directed graph is easily constructed from the CCM equations by
assigning to each component a directed branch with weight rizi(S)’
i=1,2,0..,N. Thus each branch weight is a first degree polynomial in
r. The vertices of each of these branches represent the component's
input and output. The graph is completed by connecting the component
inputs and outputs and vertices representing the system inputs and
outputs with directed branches whose weights correspond to the non zero
entries of the Lij (connection matrices) 1in such a way that the
appropriate conservation Llaws are satisfied. Figure 8 is an
jllustration of a graph constructed in such a manner. The graph is
based on the CCM equations for the example circuit from Chapter 2

(equations 5.1, 5.2 and 5.3 of Chapter 2).
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Graph of example circuit.

Figure 8.
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Before starting Mason's gain formula the following definitions

associated with the use of graphs are necessary [20]:

i} Path gsin ~ The product of the weights of the branches of a
direcfed path in the graph.
Lycle gain - The product of the weights of all branches in a
f@ ‘directed circuit of the graph.
| Let
t1 = sum of cycle gains of all directed circuits in the graph;

sum of products of all vertex-disjoint (non-touching) directed

lad
"

circuits tak:n two at a time;
t, = sum of products of all vertex-disjoint directed circuits taken
k at a time;
- eve - q
1 2 t3 + + (-1 tq
where q is the maximum number of vertex-disjoint directed

A=1=-t, + ¢t
circuits in the graph;
- P, = path gain of the kth directed path from output to input vertex

for which the transfer function is to be computed;

-
n

the value of A for that part of the directed graph having no
vertices in common with the path associated with Pk‘

Notice that the expressions for 4, Ak and Pk are all polynomials in r.

The scalar transfer function can now be computed using Mason's gain

formula (20] as:

» R .
rda amembtman -

o (r) k%
kn k (5.3

jﬂ Pg(r) ® 3
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Consider each of the terms 4, Ak and Pk as the circuit/system and
hence its graph increase in size. The paths from input vertices to
output vertices will tend to get Longer and the number and size of the
directed circuits will likewise increase. Thus the polynomial degree of
A, Ak and Pk and consequently of pkn(r) and pkd(r) witl increase in
proportion to the size of the circuit/system.

The degree of the components of the Tableau Equation on the other
hand remains fixed (quadratic) as the system/circuit size increases.
Therefore each term has a constant second derivative with respect to r
and higher derivatives vanish. A solution algorithm which exploits this
easily computed second derivative information should offer greatly

improved performance over the Newton-Raphson scheme discussed earlier,

6. Convergence of the Newton Raphson Iteration

At the beginning of the Chapter a form of the Newton-Raphson
iteration step (equation 2.13) was derived to solve F(x) = 6, where the
'. nonlinear function Fz D R" + R™and m > n. The objective of this
section is to show that the iteration of equation 2.13 is locally
convergent. An iteration is said to be locally convergent if the
iteration will converge to the solution point, x*, whenever the initial

estimate, x(o)

» is sufficiently close to x*. The following definition
and theorem from [19] are the basis for achieving this objective.
Definition C193: Let G: D R" + R". Then x* is a point of attraction

x(k+1) = G(x(k)), k=0,1,..., if there is an open

of the iteration,
neighborhood S of x* such that S Cc D and, for any X € S, the iterates

{x(k)} all Lie in D and converge to x*.
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Ostrowski Theorem [19]: Suppose that G: D C R" +R" has a fixed point

x* ¢ int(D) and is Frechet differentiable at x*. 1f o(G.(x*)) < 1 then

(k+1)) _ G(x(k)). Where

" is a point of attraction of the iteration x
(i) x" is a fixed point of 6 if x* = 6(x™
(i) G' is the Frechet derivative of G.
(iii) oCA) is the magnitude of the lLargest eigenvalue of A (knouwn as
the spectral radius).
To establish the (ocal convergence of equation 2.13, use the
following:
Theorem 6.1: Suppose there is a point x* € Rn, such that Fix™y = 0,
where F: Dc R” + R™ and m > n. Suppose also that in a neighborhood of

x* the function, F, has a continuous Frechet derivative, JF' and JF has

full column rank. Then x* is a point of attraction for the iteration
-1

MULLAPRLLS I [JI(x(k))JF(x(k))] e yr ey 6.2

Proof: Define 6: b C R" +» R" as
T 1

G(x) = x - [}F(X)JF(xi] JF(x)F(x) 6.3)
Notice that x* is a fixed point of 6 - j.e.

x' = 6(x™ (6.4)

for convenience note that a left inverse of JF(x) denoted [JF(x)J-L [14]

has the form,

-L T ~1 T
[;F(xi] = [;F(X)JF(xi] JF(x) 6.5)

and notice that

i - vk

e b 8 M e e
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=L
[ér(xi] JF(x) =1 (6.6)

[ ]
To apply the Ostrowski Theorem it is sufficient to prove that 6 (x*) =0
in which case the spectral radius is zero. Equivalently show that

Lim 1

— 16t = 6], =0 6.7
T TH

To prove equation 6.7 holds, evaluate the argument of the Llimit opera-

*
tion using equation 6.3 and note that F(x ) = 0, In particular

1 * _ 1 * L
— 116 )6 (x ) ||, = ————— | ]Ilx=x ) = I (x| F)}||, €6.8)
T 2 e, f :

Next use equation 6.6 and the fact that, F(x) = F(x) - F(x*) which pro-

duces
1 * _
— 11600 - 6txH], =
Hx=x"11,
1 L * *
T [JF(x)] [JF(x)(x-x ) - [Feo - Fix )]] €6.9)
x=x ||
e 2
and
1 *
—— ||6(x) ~G(x ) ||, £
Hx=x"]1, 2

L ¢ * - [( *
Jp 0 |3 00 x®y - [0 - Fox I, o
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where

R 1 -L
JF(x)] = max “JF(x) h”z 6.11)
11hl1,=1

is the spectral norm of the matrix JF(x)‘L. Add and subtract JF(x*)(x-
x*) from the last term of equation 6.10 and use the triangle inequality

to obtain:

1

l

. 6(x) - G(x*)HZ <
||X'X ||2

J (x)] “(J (x) - J (x ))(x-x )“2 +
||x-x Ilz

1

—1 ”JF(x*)(x-x*) - (F(x)-F(x*)Hz (6.12)
Hxex"11,

Since JF(x) is continuous

1

i —— “[JF(x) - JFu*)J(x-x*)”Z =0 €6.13)
NPT

X=X

and by definition of the Frechet derivative

l1m -—-——————- llJ (x )(x-x ) - F(x) = F(x )”2 0 (6.14)
+ 8 ”X‘X H

' *
Hence G (x ) = Q.

Q.E.D.
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This establishes the validity of the least squares solution for the
Newton Raphson iteration.

This section concludes the theoretical development of the tableau ap-
proach to date. The next section will demonstrate the application of this

theory to several examples.

7. Fault Diagnosis Examples

The purpose of this section is to illustrate the use of the fault diag-
nosis equations by applying them to several example problems. Each example
jncludes its CCM characterization as well as nominal and actual parameter
values. Currently no method exists in the context of the tableau approach
for optimal test point selection. In each example the selection of test
points took place via the trial and error procedure below:

(1) Model the circuit/system in terms of the CCM.

Note: This includes the use of frequency and impedance scaling. As in the
simulation process the scaling enhances the numerical variations in the nom-
inal values of the parameters from component to component. Such scaling is
always possible and requires only that actual measurements undergo a reverse
scaling before their entry into the solution program.

(2) Select candidate test outputs (usually functional outputs).

(3) Select a minimum set of test input/frequency combinations (via

Theorem 4.15.
Note: ALL the examples presented here are single 1input circuits/systems.
Selecting test input/frequency combinations amounts to selecting distinct
test frequencies. In all cases u(si)zzvjo, i21,2,000,Q

(4) Test the rank of J (x°) (see Theorem 3.16) to determine if the

circuit/system 1is diagnosable, where x° is the nominal parameter

vector,




”

(5) If the diagnosability test fails, dinclude an additional test
input/frequency combination, if the test succeeds go to step 8.

(6) Repeat steps & and 5 until N input/frequency combinations are used
(see Theorem 4.3).

(7) Select additional test outputs and return to step 3.

(8) Use the resulting test outputs and test input/frequency combinations
to generate the tableau fault diagnosis equations (equation 2.2).

The solution of the resulting equations proceeds via a computer imple-
mentation of the Newton-Raphson iteration step with the nominal parameter
values and corresponding ambiguity vectors (EH' i=1,...,9) serving as the
first estimate of the solution. This "diagnosis program”, written in FOR-
TRAN uses the subroutine LLSQF from IMSLL16] to determine the least squares
solution to the Newton-Raphson iteration (equation 2.1). Sparse matrix tech-
niques were not utilized. The program executed on a VAX 11/780 computer.
Each example concludes with a summary of the performance of this solution
algorithm., The next chapter introduces a modification to the solution algo-
r1chm which exploits the quadratic form of the tableau fault diagnosis equa-
tions and several of the examples presented here will also demonstrate the
performance of the modified algorithm.

Example 7.1: The first example is based on the AC equivalent circuit of
the single stage transistor amplifier in figure 9 selected from reference
C6]. The component connection equations are shown below: (Note: The input
voltage for the dependent source is defined differently than it was in (6]

making 2(s,r) diagonal and changing one entry in L11.)
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Figure 9. Amplifier model for exampile 7.1.
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7.3

0
0
0
0
0
0
1
1
-1
1
0
0
0
0
0

0
0
0
0
0
-1
-1
0
-1
0
1
1
-1
0
0

The right inverse for Lyq computed using the LINPACK [17] routine SSVDC is

e

Lol

R - -
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~25 0 0 7
-25 0 0
o o 0
-5 0 0
=25 0 0
. |0 333 -.333
% lo o s (7.4)
o o o
o 0 .5
o o0 o
0 .333 -.333
0 .33 ~.333

A basis for the null space of L21 in matrix form is:

1 1. 0 0 0 0 O O 0q
-1 0 0 0 0 0 O o0 O
o 0 1 0 0 0 O O O
o-1t 0 12 0 0 0 0 O
o 0 01t 0 0 O 0 O
V= o o 0 0o 0o 0 O o0 1 (7.5)
c o 0 0 0 1 0 o0 O
o 0o 0 0 1 0 0 O O
c 0 0 o 01 0 0 O
0o o 0 o 0 0 1 0 O
o 0 0 0 0 0 0 1 -
| 0 o 0 0 0 0 0 -+ 0_1

for this circuit M=N=12 , p=9 and q=2. ALl parameters have nominal values

of unity. For test frequencies s, = j1.4 and s, = j2 the nominal values for

the ambiguity vectors, a, and 8p» are:
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" .72545E-01 ] (= .42669E+00]
+26209€+00 .28641E-01
-92251€-01 .28133E-01
18192€+00 ~.38153€-01
8, = |-.39387€-01 | + j| .12915€+00 (7.63)
+64166E-01 - .98703€-01
.92251E-01 .28133€-01 |
-16710E+00 111556400 |
| S26166E400 | | .21033£+00 3
1
- .86316€-01 ] [~ 48784 E+00] i
-29425E400 .80346E-01
-10092E+00 .10641€-01
.17635E400 -.11167€-01
a, = |-.212826-01 | + j| .20184€+00 (7.6b)
.35081€~01 - 13916E+00
.10092E+00 -10641€-01
-19156E+00 .97295€-01
| 319726400 | | .21512€+00
Next the parameter vector r was changed to:
PR 1.2 9 9 1.4 8 1. 1.4 2. 9 1.2 1.0 aun

The small variations from unity represent normal production variations for

llgood"

ponents represent failures.

an actual

puts:

y"(s

1) =

-.18299€-01
«24554E+00] + j
« 73848€-01

components while the lLarger variations for the first and ninth com-
This perturbed parameter vector r {(representing

circuit under test) was used to compute the following test out~

«44648E-01
«55346€+00
15117400

(7.8a)
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6214260 J6TA4SE=D
Y (s,) = | 419926400 + 3| .68064€+00 (7.80)
.10101€+00 .19389€+00

These test outputs and the nominal data were the input to the diagnosis pro-
gram for determination of the actual parameter values. The program used
twelve Newton-Raphson iterations and 31.5 seconds on the VAX 11/780 to com-
pute the estimates of the circuit parameters, all within .11X of the actual
values.

Example 7.9: This example consists of the op-amp circuit shown in Fig-
ure 10. The op-amp/feedback resistor combination forms a "voltage-follower"
which is extremely insensitive to changes in the actual value of the feed-
back resistor. Intuitively, the individual diagnosis of this resistor's
value will be numerically unstable. It is therefore reasonable to combine
the op-amp and feedback resistor as a single component for the purposes of
fault diagnosis and model them as a voltage controlled voltage source, The
resulting circuit with parameters scaled, appears in Figure 11. The test
points for this example are a result of the trial and error process dis-
cussed at the beginning of the section. The CCM equations as well as LE?

and V are given below:

b 1 3
b

2

ag (7.10)
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Figure 10, Op-amp circuit for example 7.9.




85
+a,-
2 I
N 15¢
Y, Z.Q.OI + a," l‘)3
e —e
+ + b,- 5U + + +
Yo
4
u b, T % by
25¢"
- i I

Figure 11, Model of op-amp circuit for example 7.9.
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81 i i
a, 011 0 0 by TW
-4 00 0 -1 1
a3 -1 00 -1 o |%° I
a,=] 001 0 o |bg]+|o]u (7.11)
000 1 1 0
a b
5 ooo o 1 |4 o
i Lo11 o o [° o
il
D 0]
0 .5
-R -
L =lo s (7.12)
00
1 0
Mmoo g
0 -1 0
v=1lo -1 0 (7.13)
00 1
0 0 0

For this example M=N=5, p=3 and g=2. The test frequencies are
$q = j 5 and Sy = j 1.5. As in the previous example the parameter vector,
r*, used to compute test outputs was a perturbation of the nominal, ro. The

values used for e* and ro are

=0 15 5 2.5 1t (7.14)
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=2 95 90 2.2 1t (7.15)

The nominal values for the ambiguity vectors are:

-.10588E+00] [ .37647E+00]
ay = |-.19612e400| + | .23529€-01 (7.16a)
| .82353e+00]  [-.70588€+00]
!
b | [ 92496400] [ 626438400
: a, = | .28630e+00{ + j| .47961€+00 (7.16b)
f | -.27732e+00)  |-.29364E400]
{

The measurements corresponding to actual parameter values are:

" .66358E+0 - .63077E400)
y'(sq) = | aps18e-01| * I .z1osae+oo_| (7.178)

" = 14926E+0 [--38510€+0
y (sp) = | 3g978e+00| * I| .22644E+00 (7.176)

The Jacobian for this problem has dimension 20 x 17 and therefore the
solution algorithm requires the use of the modified Newton-Raphson iteration
discussed at the beginning of this chapter. This 1is accomplished by the

IMSLL16] routine LLSQF. The diagnosis program required five iterations and

1.73 seconds on the VAX 11/780 to find r* to .1%X accuracy.

——

Example 7.18: Suppose the circuit of Example 7.9 is cascaded to form
the multistage filter shown in Figure 12. D0Diagnosis of this circuit re-
quired test points between stages of the amplifiers. The reason is that the

individual stages are isolated so that using output measurements only, the
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Figure 12,

Multistage filter for example 7.18.
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indistinguishable from similar

are

stage

changes in a component in one

The CCM equations,

changes in the corresponding component in another stage.

an

They present

LE?, and V for the circuit of Figure 12 are given below.

excellent example of the sparseness typical of the matrices of the CCM.

7
Ore——00000O0
L

~
v
~
3
[=]

OO0O0O000O0O

J

b(s) +

-000000000000000040

COO0O0OO0DO0O0000D0DO0O0OO0O~0O v
000000000000000040
000000000004000010
000000000000401000
000000000000~ D0O00O
OO0 0O0O0O00O0~000000O0
OO0O0O0DOrO0O0O00~rrOO000O0O

]
000000040100000000
COO0O0O0~r0DOD~O000000000
OO0 0CO0rr000000000000
040000110000000000
004010000000000000
~—O0 00000000 DOODOOO0O
~O00O0O000O00DO0O000DD0DO0O0O0O

Orr000000000000000

Lt i |

a(s)

(7.19)

0 !u(s)

o000

b(s) +

—|0\0000001
OO0 O00O0O~—0
O0O0O0O0OO0CO0OO
0000000
OO0 O000O0O00
0000~ 00O0O
COoOO0O0—~000
[efoNololeNoe o)
O0O0~~0OO0O00O
OO0 O0OO00O00O
O0-~r0O000O00
[eN=R BojfaNoNoRe)
O00O0O0000
O-00O0O0OO0O0O
0O00O0O0OO0O0O0
-~O00O000O0O0O
~—O0O00O000O0

00000000

—

y(s) =

(7.20)
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(7.22)

OO0 O0OO0O0O0O0O0DO0O0O0O0O00O00D
OO0O000OO0DO0O0O0O000O00O0O0«~0
O0000O00O0O0O0ODO0O0—~000
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(7.23)
(7.24)
(7.25)

0000000000000 O0O~00O
0000000000000~ 0OO0O00

0000000000014—!00000
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OC0O00O000O00O~0000000
0000000~ 0O00000O0000O
00000014—!0000000000
OO0 O0CO0O~0O0O00O0O0D0DO0O0O0ODO
OO0 ~000000O00O0O0OO0O00O00
014000000000000000
000000000000 ODOO

(2.1 1.4 .5 2.5 1. 1.4 1. 5 2.4 1. 1.8 1.6 .45 2.6 1. .8 1.2 1.8t

For this example test frequencies are Sy = j1 and sy = j2. The nominal and
*

fo = (2. 1.5 .5 2.5 1. 2. 1.5 .5 2.5 1. 2. 1.5 .5 2.5 1. .7 1. 2.)t
The nominal values for the ambiguity vectors are:
sld00 Lo

solution parameter vectors are:

r
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[ .10265E+01]

- -

" <10413640T

t.13895£ﬂ03
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«11504E+00
-.30973€+00
= 10494E+00

«614778-01
-.29368€E-01
-.16210+00
-.63535E-01

-86718€E-01
-.825156-02

«22993€+00
=.10214E+00
=.98704€-01
=.18465€-01

.89878€-02

«77955€-02

«10413€-02
~.62294E~03

-

-

-

!

~.11345€-02

«60177€+00)
«27434E+00
«35398€E+00
«54977E+00
«12570€+00
«21928E+00
«20743E+00
.17170E-01
«57523E-01
.22160E-01

-

«20143€+0

-13207€+00
.38005€-01
-60149€-01
«22227E-01
«77634E-02
-98947€-02
«29720€-02

-56466€E-04

(7.26a)

(7.26b)

The measured outputs corresponding to the actual parameter values are:

~.29928E+00
-90992€-01
-.22825€+00

Y (89) = 1. 212378400

+15498€+00
«53761€-01

.

48041 €6+00

«96770€-01

+

de

[ .28688E+00"
-.36303€+00
- .29353E+00
238116400
.58070€~01
11242602

«16759€~01
-30167E~01

- -l

(7.279)

i Gkl

e s st 1
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[ <49466€+00] [ .97823€-01]
-.10323E+00 - .40269€-01
- .58126€~01 - .58063€-01
" A23146-01| | .20497€-01
ys) =1 arsere-02| * | .132676-00 (7.27b)
-.51815€-03 - .24983€~02
-.51469E-04 -.95655€-03
-.92643e-04 ~.172186-02

The diagnosis program determined all components of * to .02% accuracy.
This required six iterations and 31.2 seconds on the VAX 11/780.

Example 7.18 illustrates the fact that it may be extremely costly in
terms of test points (8 required by that example) to determine the value of
every individual component. In many instances individuat components will be
part of a functional block which is replaceable as a unit. In this situa-
tion it is merely necessary to determine if the functional block is operat-
ing properly. The next two examples illustrate this type of tradeoff.

Example 7.28: Figure 13 depicts a twelve component system. Suppose Y,
is a functional output which makes it a natural choice as a test output as
well. From the trial and error procedure described at the beginning of the
section one finds that the identification of all the parameter values re-
quires four additional test points, y, through yo. The CCM equations, L;:

and V below reflect this choice of test points:

oy o e R
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System for example 7.28.
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u(s)

OO0~ 0DD0D0DO0O0OO000O

(7.29)

b(s) +

—

!
1001000001.110

000000000004—!

00000000000«

000100410000

000000004000

00000000~ 000
0004.!10100100
000004000000
00000~ 0ODO0O0O00O
—rr 0000000 «~00

004000000000

OO0~ 000000000

a(s) =

5
4
&
K]
4

b(s) +

00000
0000..!
[=N-N-N-R 4

0OOo000Q

”~
~ [
w -
L]
1 ]
~
-
-
]
~
~N
-
[N
-
-
[N
o
~—
-
U]
~
(-]
[N
[}
[
~
[
L
~
O
[
w
[N
~
[N
N
~
(2]
[~
N
[N
-
e J
L]
”~~
L]
~
e

(7.30)

(7.32)

r
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000000000-\“50
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[]
0000000000 =

96
0o 0 0 O
0o 0 0 O
0o 0 0 O
1 0 0 O
1 0 0 O
o 0 0o O
e 1 0 0
0 1 0 O
o 0 0 1
o 0 1 0O
o 0 1 0
0 0 0o O

00000000200
- 00000000000

-

(7.33)

Let the nominal and actual parameter vectors, ro and e respectively, be the

following:

r=(1 0 1.25 2 -1 .67

o

29 .1 1M

1.8 -.8 .M

1 0 1.33 1.05 -.05 1.09%

9 .1 2 14

The nominal values for the ambiguity vectors are:

[ .16508€+00
«60717€+00
=.52401€-02
«20590€+00
=.37403€+00
«23949€+00

: - 53‘98‘4'00_

[ .53947€-0T

«92653€-01
=.10637€+00
-.23701€+00
-.12865E+00
=.30979E-01

|- . 30480€+00]

(7.34)

(7.35)
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" .28803E+00] " .93115€-01]
.61570E+00 .23719E+00
«42695E-01 -.11083E+00

8y = | .20456E+00] + j|-.29017€+00 (7.36b)
-.19671E+00 -.12473E+00
.98183€-01 -.14411€-02
|-.30755E+00 |-.17381E+00)

The measurements corresponding to actual parameter values are:

[~.18201E+00] [=.76336E+00]

«34693E+00 «92198€-01
Y"(S1) = | «52903e+00| + j|-.39824E+00 (7.372)
-78978€-01 -.27258€+00

.309586400]  |~.47566E+00)

" +45295€-01] [~ .67300E+00]

«56059€+00 «15584E+00
Y"(SZ) = | 10124E+01| + j|-.11559€+00 (7.37b)
.13830€E+00 =.26937€+00

328496400  |-.S3376E+00]

The diagnosis program required only three iterations and 7.2 seconds on the
VAX 11/780 to determine the elements of r* to three significant digits. The
cost in terms of the number of test points is relatively high (five test
outputs). In the next example the requirement for complete identification is
relaxed causing a dramatic ~rduction in test points.

Example 7.38: Now suppose the components of Example 7.28 permit func-
tional grouping as indicated by the dashed Lines in figure 13. If the re-~
quirement to isolate faults to a specific component is relaxed to the iden-

tification of a faulty group it becomes possible to eliminate test points by
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transforming each group of three components into individual components. For

example the components, 2 b4

YRSV and Zs, combine to form the single com-

ponent, 11 where:

K

7 = 1
21(K1,t1) e (7.39)

1

and

1 r1+rZ

= 1

Ty = e (7.40b)
1 rqfs¥rory

1f the remaining components have similar transformations the twelve parame=-
ter system of figure 13 becomes the eight parameter (4 component) system of
figure 14. For the system of figure 14 the system output y, at four dis-
tinct sinusoidal test frequencies is sufficient to identify the parameters,
Ki and Ty i=1,..,4 and hence isolate the fault to a component group. The

CCM equations for the system are:

[ ]
a -
1 '000-1]1’1
22 00 1 1 bl 4
| =0 1 0 0f [ (7.41)
. 1100 0
L1 1 00] (%
y _
L -

Aot e Tt Lot S A 0 L . A9 v b




PR

99

Figure 1%,

Interconnected functional units for example 7.38.
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The parameter vector to be identified is:

r= (K1,KZ,K3,K4,11,12,13,16)t

nal and actual parameter vectors are:

a 2 .9 14

[ .4789805€+00]
~.3740277E+00
| ~.5349754E+00,

" .9605259€-01]
-.1289079E+00

1.05

|-.1911152€+00)

The test frequencies are Sy = i1, 92 = j3, s

3 = jé6 and S, = j10.

8 1.5 .5 »t

9 1.4 75 959t

+

Sde

j|-.1286507€E+00

The nominal values for the ambiguity vectors are:

[-.6195888E-01]

| -.3048038€+00]

B .36218435-0{‘
~.8045628€E-01

|-.92223726-01.

(7.42)

(7.43)

The nomi-

(7.44)

(7.45)

(7.46a)

(7.46b) ]
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.2229586€-0 » 7406399€-0

83 = |-.5140581€-01] + j[-.2090679€-01 (7.46c¢)
-.6668712€-01 -.1981173e-01
«7343345€E-0 .6553531€-0

8, = |--2164005€-01| + j|-.5590791€-02 (7.46d)
-.2659364E-01 -.5010533€e-02

The measurements corresponding to actual parameter values are:

y"(s1) = -.1820130E-00 + j.7633615e+00 (7.473)
y"(sz) = JT7491249E-01 - j.S5557519€+00 (7.47b)
Y"(ss) = J4131773E-01 - j.3430093E+00 (7.47¢)
y"(s4) = .1806347E-01 - j.2193868E+00 (7.47d)

The program to solve this example was executed on the VAX 11/780 and re-
quired 9 iterations to determine e* to approximately 1X. The Llarger number
of iterations necessary for this example versus the previous is most Llikely
a result of (1) the greater nonlinearity in the tableau equations due to the
form of the component (equation 7.39) and (2) from the drastic reduction in

test points making the extraction of parameters more difficult.
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8. Concluding Remarks

This completes the presentation of the preliminary development of the
tableau approach which, as pointed out earlier, offers superior convergence
and conditioning properties over the equivalent composite formulation. The
five examples demonstrate the successful application of the results intro-
duced thus far, including the determination of diagnosability of a
circuit/system, the calculation of the number of required test freguencies
and the actual solution of the fault diagnosis equations. Additional advan-
tage for the tableau formulation remains to be gleaned from the knowledge of
the guadratic form of its fault diagnosis equations. Details of the exploi-
tation of this information as well as a demonstration of the resulting im-

provement in convergence follow in the next chapter.
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CHAPTER 5

EXPLOITATION OF THE QUADRATIC FORM

1. Introduction
This chapter introduces some improvements to the Newton algoritha for
solving the Tableau Fault Diagnosis Equations (equation 2.2 of Chapter &)
which apply when these equations are quadratic. Recall that the Tableau
Fault Diagnosis Equations have a quadratic form whenever li(s,ri) = rizi(S)'
In the case of electrical networks this form of component transfer function
suffices for modelling resistors, inductors, capacitors, and dependent
sources. This means that the quadratic form of the Tableau Fault Diagnosis
Equations is valid for any circuit modelled by an interconnection of the
above components. This is an extremely large category of possible circuits.
The significance of this special form is that it represents specific
information about Tableau Fault Diagnosis Equations which, under appropriate
circumstances, is useful in determining their solution. This chapter
addresses two ways of exploiting this information. First the quadratic form
of the Tableau Fault Diagnosis Equations allows an exact characterization of
their behavior along a search direction. In particular this
characterization provides a simple means of precisely establLishing the point
along the search direction at which the norm of the nonlinear function,
F(x), is a minimum. Use of this "minimum point" as the next estimate of the
solution s designed to guarantee and streamline the convergence of the

Newton-Raphson iteration. Second, this special form may permit the




— —
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determination of a better search direction by allowing a two term

spproximation of the Hessian of the function, ||F(x)||2.

2. Multidimensional Quadratic Functions

Before proceeding with a simple example of a set of quadratic
equations, it will be useful to draw an analogy between the problem of
solving F(x) = 6 and a functional minimization problem. Recall the square of
the Euclicean norm, || Ilg, js a functional which has a unique global
minimum at @ so the problem of finding x* such that F(x*) = 8 is equivalent

to finding x* such that [13]
HEGI3HFGOIS  for all xer” 2.1)
For circumstances which cause the Newton-Raphson algorithm to diverge, this

new perspective suggests a modification which results in a nondiver~ging

algorithm [13]). Namely, choose A such that

HEG* D112 = eadad) g < 1Fra® )2 2.2)

where dk satisfies:

305" = —rex 2.3)

The vector dk is called the "search direction”., This modification is based
on the "Global Convergence Theorem” which appears in Chapter 2. The
following example will illustrate how knowledge of the quadratic form
assists in the selection of ).

Consider the following problem in two dimensions:

2K vkl B, ..
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Fex,y) 10%07) Xy-2x2ys s (2.4)
X = = = -
’ 'z""” xy=2y+1

where [;]cnz. The nonlinearity of the function, F, 1is the second order
term, xy. Such second order terms likewise characterize the nonlinearity of
the Tableau Fault Diagnosis Equations.

Now solve F(x,y) = g via the Newton-Raphson iteration wethod. The

Jacaobian of F(x,y) is

yoz X
Jp(x,y) = [y x-g] (2.5)

0
Assume an initial guess: "o = E;]. The next estimate of the desired

solution, tﬂ, is the solution of:

JF(xo,yo) [";33’] = -£(x°,y% (2.6)

which is equivalent to solving the pair of linear simultaneous equations:

x + .1y = 3.3 (2.7a)

3x + .1y = 5.3 (2.7b)

To develop an understanding of the nature of the solution process
consider the following physical interpretation: Let the first component of F

define a surface as

2= F1 (x,y) (2.8)
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Figure 15 s a graph of  this  surface with the point
2% = F1(x°,y°) = F1(2.1,3) annotated. Consider next the plane which is

o

xo » depicted in figure 16. Equation

tangent to the surface at the point
2:7. is the equation of the Line in the xy plane which is the intersection
of the tangent plane with the plane 2=0. In other words, equation 2.7a is
the Llinear approximation of the zero set of the nonlinear function, F1(x,y)

determined as the zero set of the tangent plane of the surface 2z = F1(x,y)

0
at the point xo « Of course a simitar interpretation holds for the second

equation. Thus the intersection of the two tangent planes is the approximate
intersection of the two nonlinear equations.

The solution to equation 2.7 is the point [;] = [;3]. To determine if
the algorithm may be diverging, test the condition in 2.2, i.e. determine

if ||F(1,23)||§ < IIF(2.1,3)II§. Evaluating IIFII% at these points yields:
||F(2.1,3)||g = 2.5 lIF(1,23)||§ = 968 2.9)

This indicates that the Newton-Raphson iteration is diverging. For this
simple example it is very possible that subsequent iterations may recover
from this divergent step but in general, adjustment of the algorithm to
insure that the condition in 2.2 holds will be necessary.

This adjustment consists of finding a value for A such that

HEakadh )12 < HE® )12 (2.10)

. : : o N -1.
For this example the search direction, d° = [;3} [231] = [201]. The

desired value for the next estimate of the solution is now




Figure 15. Graph of z=f,(x,y).
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0 d°
[i;] = [ié] + 2 ; .11
dY
;; Notice that when A = 0 the next estimate equals the previous and when A = 1 ;

! the next estimate is the Newton-Raphson estimate. The set of possible

values for x1 corresponds to a line parallel to the search direction and

passing through ’o « Figure 17 illustrates this set of points for the
current example. In the Navid and Willson application of the "Global
Convergence Theorem” ) has an initial value of 1 (the Newton-Raphson
iterate). If the condition in 2.2 does not hold then 1\ decreases by half
until it does [13]. Points corresponding to » = 1,.5 and .25 appear in
figure 17. Table 2 displays the results of the computation of ||F||§ for

the sequence of A = 2°J for j=0,1,2 and 3.

A 1K
, 1 968
L .5 58.93
.25 4.363
125 1.910
‘ Table 2

Evaluation of IIFII% at selected points.

! The data in table 2 indicates that \» = .125 will satisfy the condition in
;% 2.2. Although this value for ) satisfies the condition, it is not optimal in
4 the sense that IIFIIS is not minimized along the search direction.
Knowledge of the quadratic nature of the Tableau Fault Diagnosis Equations
and hence the fourth order behavior of ||F||§ offers an easily implemented

scheme for choosing this optimal value as seen in the next section.

A‘*Mhm A
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y
* '1
25 |
A=1 :
20 - 1
j
16 -
A=.b
10 -
A=.26
B -
(x%y9)
T T — X
1 2 3 |

Figure 17. Set of Points Along the Search Direction.
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3. An Algorithm for Selecting

To illustrate an optimal scheme for choosing i, return to the example

1.1

in the previous section. Evaluate F(x',y') as a function of 1 by

substituting equation 2.11 into the expression for F(x,y) given in equation

alidlin,

2.4. This produces:

2
F(2.1-1.11,3+200) = '22; +.91-.9 3.1
-221%-1.3241.3

Note that F is a vector whose entries are quadratic functions of A. Now
find A such that ||F(2.1-1.1A,3.+20.A)l|§ is a minimum. Computing the

square of the norm of F yields the following fourth degree polynomial in A:

2

Head ,yh112 = 2002092 + 222 %-13001.3)

9681%417.613-15.12%-5242.5 (3.2)

kit

since equation 3.2 is a fourth degree polynomial the minimum point is the

result of solving:

dlieed yhi12 3

2 = 3872)°452.8,°-30.24-5 = 0 (3.3)

Equation 3.3 has a single real root at A = .,12731. Thus the point

[:U ) Eq * 12 [56:1] ) E:?ibz (3.4)

js the point along the search direction for which |IF||§ is a wminimum.

Evaluating F at this point gives

R
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||r<1.96,s.5462>||§ = 1.909 (3.5)

This process has produced a new estimate for the solution of F(x,y) = @ void
of the divergence problem.

The procedure for finding the optimum value for A worked very well for
the simple example. The next step in this development is to show explicitly
that it applies to the Tableau Fault Diagnosis Equations. Recall the fault
diagnosis equations presented in equation 3.1 of chapter 3, namely:

f1(r)g1(31)-a1

F(x) = . ) (3.6)

(a )=~
_fq(r)gq 5q) 8

q

where
(i) x= °°l(94t22""'2ql') H

(i) f.(r) = Lz(s., M |-V] ;
11V2*3,¢54

(1) gi(a) = [-mmmmmmmmeee ; and

Giv) B8, = b (s)).
Furthermore recall the assumption that Zj(s,rj) = rjzj(s).
To explicitly see that the procedure used in the simple example applies
to these equations as well, take a closer Look at the individual entries of
the nonlinear vector function, F. Let Qij(x) denote the [N(Gi-1)+jlth
component of F(x), (i.e. FN(i-1)+j(x)) where i=1,2,...,9 and j=1,2,...,N.

Then
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p
Y (L11v)jk°ik

Oij(x) = zj(si)rj L,

+ zj(si)rjaoj(si)-ég%vjk“ik_boj<si) (3.7
where

) (L“V)jk denotes the (j, k) entry of the matrix product L11V;

(ii) L% is the k-th entry of ays

(iid) ij denotes the (j,k) entry of the matrix V; and
(iv) aoj(si) and boj(si) denote the j=th entry of ao(si) and bo(si)
respectively.

The nonlinear terms are those with the products: rj°ik where 1i=1,2,...,q9,
j=1,2,e0e,n, and k=1,2,...,Pp. Clearly then the nonlinearity in the Tableau
Fault Diagnosis Equations consists of sums of pairwise products of rj with
LI strictly quadratic.

Now apply the modified Newton-Raphson iteration to the Tableau Fault
Diagnosis Equations in the same manner as in the earlier simple illustrative
example. As before the objective is to select the value of A such that

IlF(xk+xdk)||§ is a minimum and then compute xk+1 = xk+xdk. From equation

k

3.7 it is apparent that with x and dk fixed (known)

(1) Qij(xk+ldk

) is a quadratic function of A, and

(49 11F*ead) (13 is a fourth degree polynomial in 1.
Furthermore the above is true regardless of the size of the Tableau Fault
piagnosis Equations as long as lj(s"j’ 2 rjzj(s),

This means that the following algorithm will assign the optimum value

to ¢
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Step 1- Evaluate IIF(xkﬂdk)llg at five values of \.
Remark: Because of the form of the Tableau Fault Diagnosis Equations, this
requires matrix addition and multiplication only. No matrix inverses are
necessary.

Step 2- Generate a fourth order interpolant, h(1), for the data from
Step 1.
Remark: Although it 1is possible to generate the coefficients of

IIF(xk

+xdk)||§ by substituting xkndk into the expression for F as in the
example above it is far simpler in a computer implementation to use steps 1
and 2 for the following reasons. First, any computer implementation of the
Newton-Raphson algorithm (e.g. the program used to solve the examples in

chapter 5) must already have a routine for evaluating the value of F.

Second, since the IIFllg is a fourth degree polynomial in A then

hQx) = ||r<x"+xa")||§ (3.9)

for all A (i.e. the interpolant is exact).

Step 3~ Find the roots of the equation:

&) - g (3.10)

Remark: The solution to equation 3.10 is easily computed since S%éll is

third degree polynomial.

Step 4~ Set A equal that root of equation 3.10 for which 3.9 is
minimum.

The result of this procedure is a value for x=xk which minimizes
IIF(Xk-Adk)Ilg along the search direction, dk. This is the optimum choice

for A made possible by the quadra}ic nature of the Tableau Fault Diagnosis
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Equations.

Before proceeding to an example some details of the implementation of
steps 1 and 2 deserve mention. 1f infinite precision were available on the
computer any five distinct points along the search direction would suffice
to uniquely determine the desired interpolant, h()). With Limited precision 5
some choices will produce more accurate results than others. Since the
solution to equation 3.10 will normally Llie in the interval [0,1] a

reasonable choice of five interpolation points is » = -.5,0.,.5,1., and 1.5.

The polynomial h(i) has the form:

h(y) = 1414 + 7313 + 1212 + y1x + Yo 3.1

Evaluation of h()) = IIF(xk-Adk)Iig at the five points mentioned above
results in the following matrix equation whose solution is the coefficients

\FY; =0,1,..,4, which uniquely specify h(i),

- -
Y
.0625 3.375 2.25 1.5 1.7 |2 1.5)
1. 1. . 1. 1] |"3 h(1.0)
0.0625 0.125 0.25 0.5 1.| [v,]| = |n@.5) (3.12)
0. 0. 0. 0. 1. h€0.0)
0.0625 -0.125 0.25 -0.5 1.} |M1 h(=-.5)
Y,
0

The matrix in equation 3.12 is a5 x 5 Vandermonde matrix[14] which is
ronsingular. Since this matrix 1is always the same as Long as the
interpolation points are fixed the solution algorithm computes its inverse
once and then uses the inverse at each iteration to determine the

coefficients of h(i).

' |
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4., Quadratic Form Examples

This section will illustrate the modified Newton-Raphson algorithm
(selection of 1) detailed 1in the previous section via an example circuit
(Figure 9) presented in chapter 4.

Example 4.1: The first example is example 7.1 from chapter 4. ALl the
data used in this example is exactly the same as in example 7.1 except that
this time the solution to the Tableau Fault Diagnosis Equations proceeds
according to the modified Newton-Raphson Algorithm. Recall that for this
example M=N=12, p=9 and g=2. The test frequencies are s1=j1.4 and s2=j2.0.
Determination of the solution point with an accuracy of .11% required 8
iterations and 23.3 seconds on the VAX-11/780. The solution routine is a
FORTRAN Llanguage program using single precision arithmetic (approximately
six decimal places on the VAX). This is a substantial improvement over the
Newton-Raphson iteration (x=1) described in chapter 4, example 7.1, which
required 12 iterations and 31.5 seconds on the VAX-11/780 to produce the
same results,

Example 4.2: This example also uses the same circuit (Figure 9) as the
previous example with the exception of the actual parameter vector and
corresponding measurement outputs. For this example the actual parameter

vector is:

P2 (2 1.6 9 7 1.5 8 1.5 1.6 2 9 1.2 1.0 w2

and the test outputs corresponding to this parameter vector are

. 14522€-0 . 29083€-0
Y i1.4) = | .25990e+00] + j |.54699€+00 (4.42)
.65868E-01 13866E400] -

for input u(j1.4) = 1, and

il B
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a 8
t
; 17 i
4
| .12406€-0 4T175E-01
| y52.00 = |.43757e+00] + 5 |.66102e400 (4.4b)
o +94981€-01 -18066E+00
1
? for input u(j2.0) = 1.
: The variations from unity for each of the parameter values are sufficiently .
Llarge that the usual Newton-Raphson iteration diverges. Consequently this
problem solution required the modified algorithm discussed in section 3. !
3
. petermination of the solution point with an accuracy of 2% required 6 1
|

iterations and 17.0 seconds on the VAX-11/780.
The examples illustrate that the modified algorithm will converge under
{ . circumstances in which the Newton-Raphson algorithm will not. Furthermore it
| is possible for the modified algorithm to result in convergence in fewer
jterations due to the optimum choice of A. Of course these conclusions are

consistent with the "Global Convergence Theorem” of Navid and Willson [13].

5. Modification of the Search Direction

The algorithm for solving the quadratic form of the Tableau Fault
piagnosis Equations uses this quadratic information at each iteration to
determine the optimum point along the search direction for the next estimate
of the solution. The search direction used however is exactly the same as j
the Newton-Raphson algorithm. In both cases the search direction for the i

o k-th iteration, dk, satisfies:

300" = Fey (5.1)

The purpose of this section is to investigate the use of quadratic

information to determine of a new possibly better search direction.
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In section 2 the problem of solving the nonlinear vector problem,
F(x) = 9, appears recast as a the minimization of a scalar function
llF(x)llg, where xeR". Let the function, h(x), be a scalar multiple of

||F(x)||2, expressed in terms of vector multiplication as:
2

hx) = .5 FOOSFex) (5.2)

where F: D C R"->R™ with m>n and t denotes the matrix transpose. The scale
factor .5 has no affect on the minimization problem but its inclusion
eliminates the factor two from the derivatives of h(x). Recall that finding
the solution to F(x) = @ 1is equivalent to finding the value of x which

minimizes h(x). Furthermore, finding the minimum of h{(x) is equivalent to

solving the nonlinear vector problem:

vhix) = e (5.3)

where v denotes the gradient operator, i.e.

5.4

pefine the function G(x) as:

6(x) = vhix) ;.5
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The Newton-Raphson and modified Newton-Raphson algorithms are valid
methods for finding the solution to 6(x) = ©. In both cases the search

direction at the k-=th iteration is the solution to:

Kygk = -6(x*) (5.6)

JG(x
Expressing equation 5.6 in terms of the original nonlinear function, F(x),
produces an interesting variation on the Newton-Raphson search direction. In
order to see this take a closer look at the Jacobian of G. If the vector

function

6(x) = col(G1(x),G (x),. . .,Gn(x)l 5.7

2

r;h(x) ah(x) ah(x;]

= COLL“1 ", ”2 puasey ”n_l

then JG(x) is

ax, ‘5?2' ax
ax, ax R 1"

JG(x) =1 °

(5.8

r—
[1




120 j

d -2 2 2. 3
g 2 hix) 2 hix) 3 h(x)
?J Xy ax, axzax1 b Ix Ix,
¥ 32h00 3%h00) e
3 CEI TP EPY T c ax ax,
[’ = - SN TCI P CYe%)
3 Sl Ll
| 3%h(x)  3%h(x) 23%h(x)

ik1axn 3x25xn * 37;57;‘ ]

The v2 operator denotes the Hessian matrix (the matrix of second partial

. derivatives.

.
e i e ik odi i it el
H T A -4 .

3 Both the gradient, G(x) = vh(x), and the Hessian matrix, vzh(x), have

B expressions in terms of F(x) based on the definition of h(x) given in

_m

’? equation 5.2. These are [22]:

t .
Glx) = Fhix) = E’r""] FOO (5.9
1
1 2 t m
hoo = [3 00 4,00 + T F GOR, 00 5.10
F"” F F & kK
X

where Fk(x) is the k-th entry of F(x) and Hk(x) js the Hessian matrix of

Fk(x) i.e.

H () = Vsz(x) (5.11)

The substitution of the identities of equations 5.9 and S5.10 into

equation 5.6 produces the following equation for the search direction:




o i s ki

T .
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t [ ] t
k _ _
[I}F(xi] JF(x) + ég%Fk(x)"k(xi]d = [}F(xi] F(x) (5.12)
m
omitting the term 3 Fk(x)uk(x) from equation 5.12 yields
k=1

t K t
[}F(xi] JF(x) d = -[}F(x%] Fx) (5.13)

Solving equation 5.13 is mathematically equivalent to finding the Least
squares solution to equation 5.1 which produces the Newton-Raphson search
direction. Equation 5.12 on the other hand produces a search direction based
on a complete expression of the Hessian matrix of h(x). An algorithm based
on the use of equation 5.12 might therefore produce an improved solution
scheme for solving F(x) = 8. As will be seen from the examples of the next
section, the procedure does not in fact produce an improved search
direction.

In general information to permit the computation of i& Fk(x)Hk(x) (i.e.
the Hk) is not available and a great variety of schemes :;}st which attempt
to approximate it in some manner [22]. In the case of the quadratic form of
the Tableau Fault Diagnosis Equations the matrices Hk(x) = Vsz(x),

k=1,2,...,m are constant. Furthermore they are sparse which perait

efficient storage for use in computing

t m
J (xi] J.(x) ¢ F, (x)H _(x)
[[ F ¢ k=1 k k ]

at each iteration. The sparseness is due to the fact that the only nonlinear

terms in F_  are the products of a single component parameter, r. and the

k j

components of a single ambiguity vector, 8 i21,2,...,4 and j=1,2,...N.
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Specifically, each "N(i-1)+j is & (pa+N) (mu(pq+N) symmetric matrix which has

all zero entries except for the (pa+ti)-th row and column. If T .
pat+j,i

denotes the non-zero column of Hu(i-1)+j then the non-zero row is r:qu i
’

rpQ*j,i has the form:
A{
A2
r .. = |° .
patij, i i 5.14)
A
q
e
LN
where
(i) Ak equals the p dimensional zero vector if k#i and

j .
A= zj(si) (L V7, if K = §;
(i) (L11V)] is the transpose of the j~th row of L11V; and
Giii) °N is the N dimensional zero vector.
The results of the implementation of this modified search direction

method are discussed in the next section.

6. Examples Using Modified Search Direction

As with the other solution algorithms discussed, the implementation of
the solution algorithm utilizing the modification of the search direction is
a FORTRAN prﬁgram compiled and executed on the VAX 11/780. The program also
employs the interpolation procedure to determine the optimum point along the
search direction.

Example 6.1: Since example 4.1 has already served as a basis for
comparison between the Newton-Raphson algorithm and the modified Newton-
Raphson algorithm discussed in section 3 it is appropriate to attempt to

solve this example utilizing the modified search direction. Unfortunately
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the results were discouraging. After 250 iterations, the program utilizing
the modified search direction failed to converge to a solution point. The
following conjecture may serve as an explanation of this unsatisfactory
performance, Recall that the modified search direction algorithm is
actually a procedure to solve Yh(x) = 6, This condition 1is satisfied not
only at the desired solution point but at all local maxima and minima and at
saddle points. In fact it is possible that some of the points satisfying
vhi(x) = @ are not even i{solated. By construction the modified search
direction is influenced by all such points on the surface described by

[h:")]. The existence of non-isolated solutions or even clustered isolated

solutions to vh(x) = @ would explain the program's inability to converge to
a solution point, even an incorrect one.

There is perhaps a very limited set of situations in which use of the
modified search direction is appropriate as the next example illustrates.:

Example 6.2: Like examples 4.1, 4.2, and 6.1, this example employees
the circuit of example 7.1 of chapter 4. ALl of the necessary data appears
there except for the following changes:

(i) The number of test frequencies,q, is three, and these are

Sy = jobo, $y = j1.2, and $4 = je.;

Remark: This example uses one more test frequency than actually required.
The additional measurement data serves to improve the condition of the
problem.

(1) The actual parameter vector {s:

r* = col(2.1 1.5 o4 1.2 2 .7 .8 1.1 .95 1.2 .95 1.3) (6.3)

(i§3) The nominal values for the ambiguity vectors are:
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[ .26648E+0(] [~ . 12054 E+00]
+37331E+00 -.11670€+00
«35839€-01 «43052e-01
=28384E+00 -.43458€-01

0(51) = j=.17221€-01] + 3 | .14336€-01
»56351E-01 .17588E-01
«-35839E-01 «43052€6-01
.31641€-01 9745801

| -92483€-01) | -14854E+00

" .12731E400] - .38703€+00]
.25786E+00 - 14630E-02
.86319E~01 «34182E~01
.18968E+00 -.49547€~01

gﬂsz) = |-.410186-01| + j | .10358€+00
. 72697€E-01 -.80235€-01
.86319€-01 »34182E-01
.15326€+00 «11745E+00

L .2375454‘00_‘ L .20604E‘P004

[~ .86316E~0T] r—.48784E+00'
.29425€+00 -80346E-01
.10092€+00 . 10641E-01
<17635E+00 = 11167€-01

alsy) = [-.212826-01 + j | .20184E+00
.35081€e-01 ~.13916E+00
.10092e+00 .10641€-01
<19156E+00 .97295€-01

and

L .31972€+00

| .21512€+00]

(6.4a)

(6.4b)

(6.4¢)

(iv) The outputs corresponding to the actual parameter vector are:

Y"(s ) =

1

~.26178€-0 > .31569€-0
.310776-01] + j | .18086E+00
1 .57588E-01

.21118€-0

(6.5a)
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7 R URR Y SR

-20198€-0 .17205€-0
+j
~64193E-01 .12685E+00

y"csz) = [ .20012€+00 .45228€+00 (6.5b)

- " - . 78967€-0 .48328E-0
¥ (8g) = | .416796400| + j | .59643€+00 (6.5¢)
<11324€400 .17160€+00}

The solution of the resulting fault diagnosis equations was computed

twice, The first solution program used the modified Newton-Raphson algorithm
developed in section 3. This program required 11 iterations and 66.13
seconds on the VAX 11/780 to compute the solution to .07?X accuracy. The
second solution program was identical to the first except that the first
jteration used the modified search direction discussed in section S. This
sotution, computed to .07X accuracy, required 8 iterations and 58.07 seconds
on the VAX 11/780. 1In this case‘a modest improvement resulted from the use
of the modification to the Newton-Raphson search direction.. Experience

indicates that such improvement does not occur in general.

Saiee it L aaaeg s cm o

7. Summary

Clearly a notable distinction of the use of the Tableau Fault Diagnosis

Equations is the ability to exploit their special structure in the solution

9 Rt il i, i o 4

process. The most significant observation about this structure is that the

equations are quadratic when zi(s,ri) = rizi(S)' This means that it is
possible to completely characterize the behavior of IIFIIg in a search
direction with a simple interpolation scheme. The interpolation scheme
combined with the Newton-Raphson search direction produces a solution
algorithm which converges under conditions in which the Newton-Raphson

algorithm does not or is faster under conditions when it does.

A ‘
e —— _ I
- B o ew ; NP . e

e L Bk ey G .
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Although the attempt to develop an improved search direction based on
the use of a complete expression for the Hessian of llFllg was unsuccessful
it does provide additional information into the nature of the Tableau Fault
Diagnosis Equations. In general the preser:e of extrema and other points
for which gh(x) = g precludes the use of this method. 1In fact this should
serve as a caution to the application of this method to the solution of any

set of simultaneous nonlinear equations.

e e don m
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